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That is the essence of science: ask an impertinent question, and you are on 
the way to the pertinent answer. 
By Abraham Lincoln, an American president. 
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Abstract: Many researchers have studied several operators on a connected graph in which 
one make an attempt on subdivision of its edges. In this paper, we show how the Zagreb in- 
dices, a particular case of Smarandache-Zagreb index of a graph changes with these operators 


and extended these results to obtain a relation connecting the Zagreb index on operators. 


Key Words: Subdivision graph, ladder graph, Smarandache-Zagreb index, Zagreb index, 


graph operators. 


AMS(2000): 05€20 


§1. Introduction 


A single number that can be used to characterize some property of the graph of a molecule 
is called a topological index. For quite some time interest has been rising in the field of com- 
putational chemistry in topological indices that capture the structural essence of compounds. 
The interest in topological indices is mainly related to their use in nonempirical quantitative 
structure property relationships and quantitative structure activity relationships. The most 
elementary constituents of a (molecular) graph are vertices, edges, vertex-degrees, walks and 
paths [14]. They are the basis of many graph-theoretical invariants referred to (somewhat 
imprecisely) as topological index, which have found considerable use in Zagreb index. 

Suppose G = (V, £) is a connected graph with the vertex set V and the edge set F. Given 
an edge e = {u,v} of G. Now we can define the subdivision graph S(G) [2] as the graph 
obtained from G by replacing each of its edge by a path of length 2, or equivalently by inserting 
an additional vertex into each edge of G. 

In [2], Cvetkocic defined the operators R(G) and Q(G) are as follows: 


the operator R(G) is the graph obtained from G by adding a new vertex corresponding to 
each edge of G and by joining each new vertex to the end vertices of the edge corresponding to 
it. The operator Q(G) is the graph obtained from G' by inserting a new vertex into each edge 
of G and by joining edges those pairs of these new vertices which lie on the adjacent edges of 
G (See also [16]). 
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The Wiener index W belongs among the oldest graph-based structure-descriptors topo- 
logical indices [12,17]. Numerous of its chemical applications were reported in [6,11] and its 
mathematical properties are well known [3]. Another structure-descriptor introduced long time 
ago [4] is the Zagreb index M, or more precisely, the first Zagreb index, because there exists 
also a second Zagreb index M2. The research background of the Zagreb index together with its 
generalization appears in chemistry or mathematical chemistry. 

In this paper, we concentrate on Zagreb index [8] with a pair of topological indices denoted 
M,(G) and M2(G) [1,9,10,13,18]. The first Zagreb index 


M(G)= >) #(u), 


ueV(G) 


and the second Zagreb index 

M(G)= S> d(ujd(v). 

uv€ E(G) 
Generally, let G be a graph and H its a subgraph. The Smarandache-Zagreb index of G relative 
to H is defined by 
MS@)= So Piut+ So dujdv). 

ueV(H) (u,v)€ E(G\ HH) 
Particularly, if H = G or H = @, we get the first or second Zagreb index Mi(G) and M2(G), 
respectively. 

A Tadpole graph [15] Tn,, is a graph obtained by joining a cycle graph C;, to a path of 

length k and a wheel graph W,,+1 [7] is defined as the graph kK, + C;,, where Ky is the singleton 


graph and C’, is the cycle graph [8]. A ladder graph L,, = K2U0P,, where P,, is a path graph. 
For all terminologies and notations not defined in here, we refer to Harary [5]. 


§2. A relation connecting the Zagreb indices on S(G), R(G) and Q(G) for the 
Tadpole graph and Wheel graph 


We derive a relation connecting the Zagreb index with the subdivision graph S(G) and two 
graph operators R(G) and Q(G), where, n,k are integers> 1 in this section. 


Theorem 2.1 The first Zagreb index 


Mi(S(Tnn)) = Mi(Tn,n) + 4(n + k). 


Proof The Tadpole graph T;,, contains n + k — 2 vertices of degree 2, one vertex of degree 
3 and a pendent vertex. Hence Mi(T,,,) = 4n+4k+2. The subdivision graph S(T;,,,) contains 


n-+k additional subdivision vertices. Hence 


Mi(S(Tn.x)) = Mi (Th ne) + 4(n + &) 
Mi(S(Tn.x)) = 8n + 8k +2. (2.1) 
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Theorem 2.2 M,(R(Th,x)) = Mi(S(Tn,x)) + 6(2n + 2k + 1). 


Proof Each vertex v of degree / in T,,, is of degree 21 in R(T,,,) and all the subdivision 
vertices in S(Tp,x~) is of the same degree | in R(Ty,,). So, 


M,(R(Tn,z)) = 16(n — 1) + 16(k — 1) + 4(n + k) + 40 


My (R(Tn,z)) = Mi(S(Th.z)) +6(2n+ 2k +1) (2.2) 


from equation (2.1). 


Mi (Tn,k) T 2M1(S(Tn,k)) + 14, if k = 1; 
MT k) e M,(S(Tn k)) + 16, if k Ped: 


Theorem 2.3 141(Q(Th,x)) = 


Proof If k =1, the graph Q(T,,,,) contains the sub graph T;,,,. The n + k — 2 subdivision 
vertices of degree 2 in S(T,,,4,) are of double the degree in Q(T;,,,) and only 2 vertices of degree 
5. So, 


Mi(Q(Tnz)) = 16(n+k—2)+504+ Mi(Trr) 
= 2(8n-+8k+2)+ Mi(Th x) + 14. 


Hence My(Q(Tn,xn)) = Mi(Tn,n) + 2Mi(S(Tnx)) +14 if k = 1. 
For k > 2, the n+ k—4 subdivision vertices of degree 2 in S(Ty,,x) is of degree 4 in Q(Tn,x) 
and only 3 vertices of degree 5 and one vertex of degree 3. Hence 


M,(Q(Tn.k)) = Mi(Tn.n) + 16(n + k) + 20 


and 
Mi(Q(Tn,k)) = Mi(Tnz) + Mi(S(Tn,z)) +16,if k > 2. 


2M2(Tnz) —2, ifk=1; 


Theorem 2.4 M2(S(Th,x)) = 
2M2(Tnz) -—4, ifk > 2 


Proof Among the n+ k vertices in T,,,,, only one vertex of degree 1, one vertex of degree 
3 and n+k— 2 vertices of degree 2, among which the n+ k —4 pairs of vertices of degree 2, the 
three pairs of vertices of degree 2 and 3 and a pair of vertices of degree 2 and 1 are adjacent 
with each other for k > 2. Hence, k > 2, 


M2(Tn,n) = 4n + 4k + 4. (2.3) 


For k = 1, the n — 1 vertices of degree 2, one vertex of degree 3 and a pendent vertex among 
which there will be n — 2 pairs of vertices of degree 2, two pairs of vertices of degree 2 and 3 
and a pair of vertices of degree 3 and 1 are adjacent with each other. So when k = 1, 


Mo(Ty,n) = 4n +7. (2.4) 
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The new n+ k vertices of degree 2 is inserted in T;,,, to construct S(Tp,x). 
Mo2(S(Th,n)) = 4(2n — 2) + 4(2k — 2) + 20 = 8n + 8k 4 4 (2.5) 
Hence M2(S(Tn,x)) = 2Mo(Tn,~) — 4, for k > 2, from equation (2.3). 


Mo2(S(Thn)) = 2M2(Tr,x) — 2, 


for k = 1, from equation (2.4). 


4M>(S(Tnx)) +4, ifk =I; 
Theorem 2.5 M2(R(Tr,x)) = 2(S(Tn,x)) af 
4M>(S(Tnz)) +8, if k > 2. 


Proof If k = 1, the n—2 pairs of vertices of degree 4, 2n—2 pairs of vertices of degree 2 and 4, 
two pairs of vertices of degree 4 and 6, four pairs of vertices of degree 2 and 6 and a pair of vertices 
of degree 2 are adjacent to each other. So, Mz(R(Tn,x~)) = 16(n—2)+8(2k — 2) +8(2n—2) +100. 
Hence 


Mo(R(Tn,n)) = 32n+32k +36 = 4Mo(S(Tn,n)) +4. (2.6) 


if k = 1, from equation (2.5). 

The vertices which are of degree 1 in T,,, are of degree 2/ in R(T;,,,) and all the subdivision 
vertices in S(T;,x) remains unaltered in R(Ty,x). In R(Tn,,), the n+ k — 4 pairs of vertices of 
degree 4, 2n — 1 pairs of degree 4 and 2, three pairs of vertices of degree 4 and 6, three pairs 
of vertices of degree 2 and 6 and one pair of vertices of degree 2 are adjacent to each other in 
R(Tn,~) when k > 2. Hence 


M2(R(Tn,z)) = 16(n — 2) + 8(2n — 2) + 16(k — 2) + 8(2k — 2) + 120, 
M2(R(In,n)) = 32n + 32k + 24, (2.7) 
Mo(R(Tn,n)) = 4(8n + 8k + 4) + 8 = 4Mo(S(Tnx)) +8, 


if k > 2 from equation (2.5). 


M2(R(Tnn)) +39, if k = 1; 
Theorem 2.6 M2(Q(Tn,x)) = 4 Mo(R(Tn.x)) +46, if k = 2; 
Mo(R(Trk)) +47, if k> 2. 


Proof We divide the proof of this theorem into three cases. 


Case 1: When k = 1, the n —3 pairs of vertices of degree 4, 2n — 4 pairs of vertices of degree 
2 and 4, one pair of vertices of degree 5, two pairs of vertices of degree 2 and 5, two pairs of 
vertices of degree 3 and 5, a pair of vertices of degree 3 and 4, a pair of vertices of 4 and 1, and 
four pairs of vertices of degree 4 and 5 are adjacent to each other in Q(Tn,x). Hence 


M2(Q(Tn,k)) 


16(n — 3) + 8(2n — 4) +91 = 32n +91 
(32n + 16k + 36) + 39) = Mz(R(T,n)) + 39 


I 
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from equation (2.6). 


Case 2: When k = 2, the n — 3 pairs of vertices of degree 4, 2n — 4 pairs of vertices of degree 
2 and 4, three pair of vertices of degree 5, three pairs of vertices of degree 2 and 5, 4 pairs of 
vertices of degree 3 and 5, a pair of vertices of degree 1 and 3, a pair of vertices of 2 and 3, and 
two pairs of vertices of degree 4 and 5 are adjacent to each other in Q(Ty,,). Hence 


l 


M2(Q(To,k)) 16(n — 3) + 8(2n — 4) + 214 = 32n + 134 


(32n + 32k + 24) + 46 = Mo(R(Tn,~)) + 46 


l| 


from equation (2.7). 


Case 3: When k > 3, there are n + k — 6 pairs of vertices of degree 4, 2n + 2k — 8 pairs of 
vertices of degree 2 and 4, three pairs of vertices of degree 5, three pairs of vertices of degree 
2 and 5, three pairs of vertices of degree 3 and 5, a pair of vertices of degree 3 and 1, a pair 
of vertices of degree 2 and 3, a pair of vertices of degree 4 and 3 and three pairs of vertices of 
degree 4 and 5 are neighbours to each other in Q(Tn,x), with which, 


M2(Q(Tn,x)) 


l 


16(n + k — 6) + 8(2n + 2k — 8) + 231 = 32n + 32k +71 
(32n + 32k + 24) +47 = Mo(R(Ta,n)) +47 


l| 


from equation (2.7). 


Theorem 2.7 For the wheel graph Wnii1, Mi(S(Wn4i1)) = Mi(Wnii) + 8n. 


Proof In W,,41, it has n vertices of degree 3 and one vertex, the center of wheel of degree 
n. So, 


Mi(Wr4i) = 9ntn?. (2.8) 
By inserting a vertex in each edge of Wr41, Mi (S(Wnii)) = Mi (Wri) + 8n. 


My (S(Wn4i)) =n?+17n. (2.9) 


Theorem 2.8 M)(R(Wr+1)) = 4Mi(S((Wn4i))) — 24n. 


Proof The degrees of the subdivision vertices in S(W,,41) remains unaltered in R(Wy+1) 
and a vertex of degree | in W,,+1, is of degree 21 in R(W,,41). 
Myi(R(Wr4i)) = 4n? + 44n = A(n? + 17) — 24n 
= 4Mi(S((Wr41))) — 24n. (2.10) 


Theorem 2.9 Mi(Q(Wn41)) = Mi(R((Wi41))) + Mi(Wr4i) + n(n + 1). 


6 Ranjini P.S. and V.Lokesha 


Proof Clearly Q(W,,+41) contains the subgraph W,,41. Every subdivision vertex on the 
edges of the subgraph C,, in S(W,,41) is adjacent with the four subdivision vertices, two on 
the spoke and two on the edges of C;,. Each of the subdivision vertex on the edges of C;, is 
of degree 6. Also every subdivision vertex on a spoke is adjacent with the n — 1 subdivision 
vertices on the other spokes and is adjacent with 2 subdivision vertices on the edges of C, with 
which the subdivision vertex on the spoke is of degree n + 3. Therefore, 


Mi(Q(Wr+t)) = Mi(Wr41) + 36n + (n+ 3)?n 
= Mi(Wn41) 4+ (4n? + 44n) + (n? + 2n? +n) 


and 
My (Q(Wn41)) = Mi(R((Wn41))) + Mi(Wn4i) + n(n + 1)? 


by equation (2.10). 
Theorem 2.10 M2(S(Wn4i)) = M2(Wr41) + (9n — n?). 


Proof A vertex of degree 3 is adjacent with two vertices of degree 3 and with the hub of 
the wheel so that 


Mo(Wr41) = 3n?+9n (2.11) 


In S(W,41), the 2n additional subdivision vertices are inserted. A vertex of degree 3 is adjacent 
with three vertices of degree 2 and all the subdivision vertices on the spoke are adjacent to the 
hub. 


Mo(S(Wr4i1)) = 2n?+18n = (3n? + 9n) + (9n — n?) 
= M2(Wr41) + (9n — 1?) (2:19) 


from equation (2.11). 


Theorem 2.11 M2(R(Wn41)) = 4M2(S((Wn41))) + 8n?. 


Proof The degrees of the subdivision vertices in S(W,,+41) remains the same in R(W,+1) 
and every vertex in W,,4; is of double the degree in R(W,,41). Every vertex of degree 6 is 
adjacent with the hub, two vertices of degree 6 and three subdivision vertices. The subdivision 
vertices on the spoke is adjacent with the hub. Hence 


Mo(R(Wr41)) = 72n+16n? = 4(2n? + 18n) + 8n? 
= 4Mo(S((Wn+1))) + 8n? (2.13) 


from equation (2.12). 


Theorem 2.12 For a wheel graph Wn+1, 


2Mo2(R((Wr+1)) + 3M2(S(Wrii)) + (n* + 7n? +n? + 27n) 


M2(Q(Wnsi)) = 9 
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Proof Every subdivision vertex in S(W,,41)(other than the subdivision vertices on the 
spoke) is of degree 6 and is adjacent with the the two vertices of degree 3, two vertices of degree 
6, two vertices of degree n + 3. A vertex of degree 3 is adjacent with the subdivision vertices 
on the spokes of degree n + 3 , and the subdivision vertices on the spoke is adjacent with the 
hub of the wheel and the n — 1 subdivision vertices on the remaining spokes. 


((n +3)?(n = 1) 


M2(Q(Wr4i)) = 36 + 36 + 12(n + 3) + 3(n + 3) + n(n + 3) + ~~ xn 
2116? + 72n) + 3(2n? + 18n) + (n* + Tn? + n? + 27n) 
OO 
— 2M2(R((Wr41)) + 3M2(S(Wn41)) + (n4 + Tn? + n? + 27n) 
er 


by applying equations (2.12) and (2.13). 


§3. A relation connecting the Zagreb indices on S(G), R(G) and Q(G) for the 
Ladder graph 


In this section, we assume n being an integer> 3. When n = 1, Ly is the path P, and When 
n = 2, Lg is the cycle C4 for which the the relations on the Zagreb index are same as in the 
case of Py and C;, respectively. 


Theorem 3.1 For the ladder graph Ly, My(S(Ln)) = Mi (Ln) + 4(38n — 2). 


Proof The ladder graph L,, contains 2n — 4 vertices of degree 3 and four vertices of degree 
2. So 


M,(Ly) = 18n— 20 (3.1) 
Since there are 3n — 2 edges in L,, there is an increase of 3n — 2 subdivision vertices in S(L,). 


M,(S(Ln)) = My(Ln)+4(3n—2) = 30n—28. (3.2) 


Theorem 3.2 M,(R(Ln)) = 2My(S(Ln)) + (24n — 32). 


Proof The subdivision vertices in S(L,,) retains the same degree in R(L,,) and a vertex of 
degree J in Ly, is of degree 2] in R(L,). Hence, 


and 


M,(R(Ln)) = 84n— 88 = 2M, (S(Ln)) + (24n — 32) (3.3) 


from equation (3.2). 


Theorem 3.3 Mi(Q(Ln)) = Mi(R(Ln)) + 42n — 88. 
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Proof The graph Q(L,,) contains the subgraph L,,. The subdivision vertices on the top and 
the bottom of the ladder say v; and vz in Q(L,) is of degree 4 corresponding to the adjacencies 
and the nearest subdivision vertices of v; and vz are of degree 5 corresponding to the 3 adjacent 


subdivision vertices in S(L,). The remaining 3n — 8 subdivision vertices are of degree 6. So 


M,(Q(L£n)) = Mi(Ln) + 132 + 67(3n — 8) = Mi (R(Ln)) + 42n — 88, 


from equation (3.3). 


Theorem 3.4 M2(S(Ly)) = Mo(L,) + 9n. 


Proof In Ly, two vertices of degree 2 are adjacent with a vertex of degree 3 and a vertex 
of degree 2. The 2n — 8 pairs of vertices of degree 3 are adjacent with the vertex of degree 2. 
Hence, 


Mo(Ln) = 32 + 18(n — 3) + 9(n — 2) = 27n — 40. (3.4) 


In S(L,), eight pairs of vertices of degree 2, 6n — 12 pairs of vertices of degree 2 and three are 
adjacent to each other. So 


M3(S(Ln)) = 32 + 6(6n — 12) = Mo(Ln) + 9n (3.5) 


from equation (3.4). 


Theorem 3.5 M2(R(Ly)) = 5M2(S(Ln)) — 40. 


Proof The degrees of the subdivision vertices in S(L,,) is unaffected in R(L,,), and all the 
vertices in LZ, become double the degree in R(L,,). In R(L,), eight pairs of vertices of degree 4 
and 2, 6n — 12 pairs of vertices of degree 2 and 6, two pairs of vertices of degree 4, 3n — 8 pairs 


of vertices of degree 6 , four pairs of vertices of degree 4 and six are adjacent to each other. So, 


Mo(R(Ln)) = 180n—240 = 5Mo($(L,))—40 (3.6) 


from equation (3.5). 


2M>(R(Ln)) + (—36n—44), ifn =3; 
Theorem 18 M2(Q(Ln))= 4 Mo(R(Ln)) +(—72n + 548), ifn =4; 
2M>(R(Ln)) +(-36n—4), ifn >5. 


Proof We divide the proof of this result into three cases following. 


Case 1: If n = 3, the Q(L,) contains the subgraph L,. In Q(L,), there are four pairs of 
vertices of degree 4 and 5, four pairs of vertices of degree 4 and 2, four pairs of vertices of degree 
2 and 5, four pairs of vertices of degree 5 and 6 , two pairs of vertices of degree 5, four pairs 
of vertices of degree 5 and 3, 6n — 16 pairs of vertices of degree 3 and 6, the 6n — 18 pairs of 
vertices of vertices of degree 6 are adjacent to each other. Hence, 


M2(Q(L3)) = 382 + 18(6n — 16) + 36(6n — 18) 
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and 
M2(Q(Ln)) = 2M2(R(Ln)) + (—36n — 44) 


from equation (3.6). 


Case 2: If n= 4, four pairs of vertices of degree 4 and 5, four pairs of vertices of degree 4 and 
2, four pairs of vertices of degree 2 and 5, eight pairs of vertices of degree 5 and 6, four pairs of 
vertices of degree 5 and 3, four pairs of vertices of degree 3 and 6 and 6n — 20 pairs of vertices 
of degree 6 are adjacent to each other in Q(L,,). Hence, 


M2(Q(Ln)) = 596 + 36(6n — 16) = 308 + 108n 


and 
M2(Q(Ln)) = M2(R(Ln)) + (548 — 72n) 


from equation (3.6). 


Case 3: Ifn > 5, Q(L,) contains 4 pairs of vertices of degree 4 and 5, four pairs of vertices of 
degree 4 and 2, four pairs of vertices of degree 2 and 5, eight pairs of vertices of degree 5 and 
6, four pairs of vertices of degree 5 and 3 , 6n — 16 pairs of vertices of degree 3 and 6, 6n — 18 
pairs of vertices of degree 6 are adjacent to each other. Hence, 


I 


M2(Q(Ln)) 452 + 18(6n — 16) + 36(6n — 18) 


2M2(R(Ln)) + (—36n — 4) 


I 


by equation (3.6). 
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Abstract: A Smarandachely k-signed graph (Smarandachely k-marked graph) is an ordered 
pair S = (G,o) (S = (G,)) where G = (V, £) is a graph called underlying graph of S and 
ao: BE > (@1,€2,...,e%) (uw: V — (€1,@2,...,E)) is a function, where each @; € {+,-}. 
Particularly, a Smarandachely 2-signed graph or Smarandachely 2-marked graph is called 
abbreviated a signed graph or a marked graph. In this paper, we define the total minimal 
dominating signed graph M,(S) = (M,(G),o) of a given signed digraph S = (G,o) and 
offer a structural characterization of total minimal dominating signed graphs. Further, we 
characterize signed graphs S for which S ~ M;(S) and L(S) ~ M:(S), where ~ denotes 
switching equivalence and M;(S) and L(S) are denotes total minimal dominating signed 


graph and line signed graph of S respectively. 


Key Words: Smarandachely k-signed graphs, Smarandachely k-marked graphs, signed 
graphs, marked graphs, balance, switching, total minimal dominating signed graph, line 


signed graphs, negation. 


AMS(2000): 0522 


§1. Introduction 


Unless mentioned or defined otherwise, for all terminology and notion in graph theory the 
reader is refer to [8]. We consider only finite, simple graphs free from self-loops. 

A Smarandachely k-signed graph (Smarandachely k-marked graph) is an ordered pair 
S = (G,o) (S = (G,u)) where G = (V,E) is a graph called underlying graph of S and 
a: E => (€,€2,...,ex) (uw: V > (@1,@2,...,@)) is a function, where each @; € {+,—}. Particu- 
larly, a Smarandachely 2-signed graph or Smarandachely 2-marked graph is called abbreviated 
a signed graph or a marked graph. Cartwright and Harary [5] considered graphs in which ver- 
tices represent persons and the edges represent symmetric dyadic relations amongst persons 
each of which designated as being positive or negative according to whether the nature of the 
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relationship is positive (friendly, like, etc.) or negative (hostile, dislike, etc.). Such a network 
S is called a signed graph (Chartrand [6]; Harary et al. [11]). 

Signed graphs are much studied in literature because of their extensive use in modeling a 
variety socio-psychological process (e.g., see Katai and Iwai [13], Roberts [15] and Roberts and 
Xu [16]) and also because of their interesting connections with many classical mathematical 
systems (Zaslavsky [22]). 

A cycle in a signed graph S is said to be positive if the product of signs of its edges is 
positive. A cycle which is not positive is said to be negative. A signed graph is then said to be 
balanced if every cycle in it is positive (Harary [9]). Harary and Kabell [22] developed a simple 
algorithm to detect balance in signed graphs as also enumerated them. 

A marking of S is a function wp : V(G) > {+,—}; A signed graph S together with a 
marking py is denoted by S,,. Given a signed graph S one can easily define a marking pu of S as 
follows: For any vertex v € V(S), 


uve E(S) 


the marking ps of S is called canonical marking of S. 


The following characterization of balanced signed graphs is well known. 


Theorem 1(E. Sampathkumar [17]) A signed graph S = (G,o) is balanced if, and only if, 


there exists a marking yu of its vertices such that each edge uv in S satisfies o(uv) = u(u)u(v). 


The idea of switching a signed graph was introduced by Abelson and Rosenberg [1] in 
connection with structural analysis of marking pz of a signed graph S. Switching S with respect 
to a marking p is the operation of changing the sign of every edge of S to its opposite whenever 
its end vertices are of opposite signs. The signed graph obtained in this way is denoted by 
S,,(S) and is called p-switched signed graph or just switched signed graph. Two signed graphs 
S, = (G,o) and Sy = (G’,o’) are said to be isomorphic, written as S; & Sp» if there exists 
a graph isomorphism f : G — G’ (that is a bijection f : V(G) — V(G") such that if uv is 
an edge in G then f(u)f(v) is an edge in G’) such that for any edge e € G, a(e) = a'(f(e)). 
Further a signed graph S; = (G,c) switches to a signed graph Sz = (G’,o’) (or that S; and S> 
are switching equivalent) written S; ~ S2, whenever there exists a marking yz of S; such that 
S,(S1) = So. Note that S; ~ S2 implies that G = G’, since the definition of switching does 
not involve change of adjacencies in the underlying graphs of the respective signed graphs. 


Two signed graphs S; = (G,a) and Sy = (G’,o’) are said to be weakly isomorphic (see 
[20]) or cycle isomorphic (see [21]) if there exists an isomorphism ¢ : G — G’ such that the 
sign of every cycle Z in S; equals to the sign of ¢(Z) in Sp. The following result is well known 
(See [21]): 


Theorem(T. Zaslavsky [21]) Two signed graphs S, and Sp with the same underlying graph are 


switching equivalent if, and only if, they are cycle isomorphic. 
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§2. Total Minimal Dominating Signed Graph 


The total minimal dominating graph M;(G) of a graph G is the intersection graph on the family 
of all total minimal dominating sets of vertices in G. This concept was introduced by Kulli and 
Iyer [14]. 

We now extend the notion of M:(G) to the realm of signed graphs. The total minimal 
dominating signed graph M,(S') of a signed graph S = (G,c) is a signed graph whose underlying 
graph is M;(G) and sign of any edge uv is M;(S) is u(u)u(v), where yu is the canonical marking 
of S. Further, a signed graph S = (G,¢c) is called total minimal dominating signed graph, if 
S = M,(S’) for some signed graph $’. The following result restricts the class of total minimal 


dominating signed graphs. 


Theorem 3 For any signed graph S = (G,o), its total minimal dominating signed graph M,(S) 


is balanced. 


Proof Since sign of any edge wv is M;(S') is u(u)u(v), where py is the canonical marking of 
S, by Theorem 1, M;(5') is balanced. 


For any positive integer k, the k*” iterated total minimal dominating signed graph, M*(S) 
of S' is defined as follows: 


MPp(S) = 8, Mf(S) = M(M;~*(S)) 


Corollary 4 For any signed graph S = (G,o) and for any positive integer k, MF(S) is balanced. 


The following result characterizes signed graphs which are total minimal dominating signed 


graphs. 


Theorem 5 A signed graph S = (G,o) is a total minimal dominating signed graph if, and only 
if, S is balanced signed graph and its underlying digraph G is a total minimal dominating graph. 


Proof Suppose that S is total minimal dominating signed graph. Then there exists a signed 
graph S$” = (G’,o’) such that M,(S") = S. Hence by definition M,(G) = G’ and by Theorem 
3, S is balanced. 

Conversely, suppose that S = (G,c) is balanced and G is total minimal dominating graph. 
That is there exists a graph G’ such that M;(G’) = G. Since S is balanced by Theorem 1, 
there exists a marking pz of vertices of S such that for any edge uv € G, o(uv) = p(u)u(v). 
Also since G & M,(G"), vertices in G are in one-to-one correspondence with the edges of G’. 
Now consider the signed graph S’ = (G’,o’), where for any edge e’ in G’ to be the marking on 
the corresponding vertex in G. Then clearly M;(S’) = S and so S is total minimal dominating 


graph. 
In [3], the authors proved the following for a graph G its total minimal dominating graph 
M;(G) is isomorphic to G then G is either C3 or Cy. Analogously we have the following. 


Theorem 6 For any signed graph S = (G,c), S ~ M,(S) if, and only if, G is isomorphic to 
either C3 or Cg and S is balanced. 
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Proof Suppose S ~ M,(S). This implies, G = M;(G) and hence by the above observation 
we see that the graph G must be isomorphic to either C3 or Cy. Now, if S is any signed graph on 
any one of these graphs, Theorem 3 implies that M;(S') is balanced and hence if S' is unbalanced 
its M,(S) being balanced cannot be switching equivalent to S in accordance with Theorem 2. 
Therefore, S must be balanced. 


Conversely, suppose that S is balanced signed graph on C3 or Cy. Then, since M;(S) is 


balanced as per Theorem 3, the result follows from Theorem 2 again. 


Behzad and Chartrand [4] introduced the notion of line signed graph L(S) of a given signed 
graph S as follows: Given a signed graph S = (G,c) its line signed graph L(S') = (L(G), 0’) is 
the signed graph whose underlying graph is L(G), the line graph of G, where for any edge e;e, 
in L(S), o'(e;e;) is negative if, and only if, both e; and e; are adjacent negative edges in S. 
Another notion of line signed graph introduced in [7], is as follows: The line signed graph of a 
signed graph S = (G,c) is a signed graph L(S') = (L(G), 0’), where for any edge ee’ in L(S), 
a’ (ee’) = o(e)o(e’). In this paper, we follow the notion of line signed graph defined by M. K. 
Gill [7] (See also E. Sampathkumar et al. [18,19]). 


Theorem 7(M. Acharya [2]) For any signed graph S = (G,o), its line signed graph L(S) = 
(L(G), 0’) is balanced. 


We now characterize signed graphs whose total minimal dominating signed graphs and its 
line signed graphs are switching equivalent. In the case of graphs the following result is due to 
Kulli and Iyer [14]. 


Theorem 8(Kulli and Iyer [14]) If G is a (p — 2)-regular graph then, M,(G) = L(G). 


Theorem 9 For any signed graph S = (G,o), Mi(S) ~ L(S), if, and only if, G is (p — 2)- 


regular. 


Proof Suppose M;(S) ~ L(S). This implies, M;(G) = L(G) and hence by Theorem 8, we 
see that the graph G must be (p — 2)-regular. 

Conversely, suppose that G is (p — 2)-regular. Then M,(G) = L(G) by Theorem 8. Now 
if S is signed graph with (p — 2)-regular, then by Theorem 3 and Theorem 7, M;(S) and L(S$) 


are balanced and hence, the result follows from Theorem 2. 


The notion of negation n(S) of a given signed graph S' defined in [10] as follows: 


n(S) has the same underlying graph as that of S with the sign of each edge opposite to 
that given to it in S. However, this definition does not say anything about what to do with 
nonadjacent pairs of vertices in S while applying the unary operator 7(.) of taking the negation 


of S. 


Theorem 6 provides easy solutions to two other signed graph switching equivalence rela- 


tions, which are given in the following results. 


Corollary 10 For any signed graph S = (G,o), Mi(n(S)) ~ M;(S). 
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Corollary 11 For any signed graph S = (G,c), n(S) ~ Mi(S) if, and only if, S is an 
unbalanced signed graph and G = C3. 


For a signed graph S' = (G,o), the M;(S) is balanced (Theorem 3). We now examine, the 
conditions under which negation 7(S) of M;(S) is balanced. 


Corollary 12 Let S = (G,c) be a signed graph. If M:(G) is bipartite then n(M;(S)) ts 
balanced. 


Proof Since, by Theorem 3 M;(S) is balanced, if each cycle C in M;(5') contains even 
number of negative edges. Also, since M;(G) is bipartite, all cycles have even length; thus, the 


number of positive edges on any cycle C in M;(S) is also even. Hence n(M;(S)) is balanced. 
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Abstract: A set S of vertices in a graph G is said to be a Smarandachely k-dominating set 
if each vertex of G is dominated by at least k vertices of S. The Smarandachely k-domination 
number y%(G) of G is the minimum cardinality of Smarandachely k-dominating sets of G. 
Particularly, if k = 1, a Smarandachely k-dominating set is called a dominating set of G 
and 7(G) is abbreviated to 7(G). In this paper, we get the Smarandachely 1-dominating 


number, i.e., the dominating number of P, x P2. 


Key Words: Smarandachely k-dominating set, Smarandachely k-domination number, 


dominating sets, dominating number. 
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§1. Introduction 


We considered finite, undirected, simple graphs G = (V, E) with vertex set V(G) and edge set 
E(G). The order of G is given by n = |V(G)|. A set S C V of vertices in a graph G is called a 
dominating set if every vertex v € V is either an element of S or is adjacent to an element of 
S. A dominating set S is a minimum dominating set if no proper subset is a dominating set. 
The domination number 7(G) of a graph G is the minimum cardinality of a dominating set in 
G. A set of vertices S in a graph G is said to be a Smarandachely k-dominating set if each 
vertex of G is dominated by at least k vertices of S. Particularly, if k = 1, such a set is called 
a dominating set of G. The Smarandachely k-domination number y,(G) of G is the minimum 
cardinality of a Smarandachely k-dominating set of G. 

As known, a fundamental unsolved problem concerning the bounds on the domination 
number of product graphs is to settle Vizing’s conjecture. Another basic problem is to find 
the domination number or bound on the domination number of specific Cartesian products, 
for example the j x k grid graph P; x Py . This too seems to be a difficult problem. It is 


lReceived June 28, 2010. Accepted September 6, 2010. 


18 Kishori P. Narayankar, Shailaja S. Shirakol and Shekharappa H.G. 


known that dominating set remains NP- complete when restricted to arbitrary sub graphs of 
[2,12]. However, Hare, Hare and Hedetniemi [8,9] developed a linear time algorithm to solve this 
problem on j x k grid graph for any fixed 7. Moreover, the domination number of P; x P, has 
been determined for small values of 7. Jacobson and Kinch [10] established it for 7 = 1,2,3,4 
and all &. Hare [8] developed algorithm which she used to conjecture simple formulae for 
(Pj; x Py) for 1 < 7 < 10. Chang and Clark [4] proved Hare’s formulae for the domination 
number of Ps x P, and Ps x Py, . The domination numbers for P; x Py 1 < 7 < 6 are listed 


below: 


1. y(P, x Py) = |? ),k>1 


2. (Po x Py) = |#2),k>1 


3. 7(P3 x Py) = |244|,k>1 


k+1, k=1,2,3,5,6,9; 
4. y(P3 x Py) = 

k, otherwise. 
AAxA)ad ob, PhS? 

» V(E3 X Fk) = 

Sets otherwise. 

A0kE10  k > 6K = 1mod?; 
6. +(P3 x Px) = 


% 


10k 12 otherwisei fk > 4. 


It is well known that the concept of domination is originated from the game of chess board. 
The problem of finding the minimum number of stones is one aspect and the number of ways of 
placing the minimum number of stones is another aspect. Though the first aspect has not been 
resolved as mentioned earlier, we consider the second aspect of the problem, that is, finding 
the number of ways of placing the minimum number of stones. In this paper, we consider the 
second aspect of the problem for P,, x P:. That is, equivalently finding the minimum number 


of dominating sets in P, x P». 


U1 ) U3 U4 U5 U6 U7 


P, x Po: 


Figure 1: P; x P, with dominating vertices 


The minimum dominating sets of Figure 1 are {uj, u3, us, uz} and {u1/, us, us’, U7}. 
Similarly, the minimum dominating sets of Figure 2 are: {u1, ug’, Us, Ue } {u1/, U3, Us’, Ush, 


{u1, U3’, U5, ue}, {ur » U3, U5’, ue’ , {u1, U3’, U4, ue’ f, {ur, U3, UA! ; ue}, {u1, U2’, U4, ue’ }, {ur, U2; 
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U4 U2 UZ UA U5 ug 
Ps x P, i 


U2’ U5! U6! 
up 2 U3/ ual 5 6 


Figure 2: Ps x Pz with dominating vertices 


UA! U6}, {ur, U3, U4, ue’ }, {u1, U3’, U4’, U6}, {u1, U2, U4’, U6}, {u2, U2', U4, ue’ }, {u2’, U2, U4’, ue}, 
{ur, U3, U5! s us}, {u1, U3’, U5’, Us}, {u2, U2’, U5; Us}, {ur, U2! U4, ue’ }. 
As such the domination number of P,, x P2 is, y(P, x P2) = Lowe Using this value we 


consider the minimum number of dominating sets yp (P, x P2) for the values n = 2k + 1 and 
n = 2k. 


§2. Results 
To prove our results, we need some lemmas proved below. 


Lemma 2.1 Let vertices of first and second rows in P2,%41 x Pz are labeled with v1, v2 ..., V2K—2; 
V2k—-15 U2k; Uak+1 Gnd Uy, U2,...,U2k—2; U2k—-1, U2k; U2zk+1, then there is no md-set containing both 


the vertices vo,and Ug. 


Proof On the contrary, assume that there is an md-set say D in Po,4, x P2 containing 
both the vertices vo,and uz. Clearly, D— {v2,u2,} dominating set in P2,—2 x P2, for otherwise 
there exists a vertex uv; (or u; ) of P2,—2 x Pz which is not either in D— {v2,u2,} or not adjacent 
to any vertex of D — {vo,u2x} then this vertex v; (or u; ) is not in D or is not adjacent to any 
vertex of D in P2441 x Pp and hence D is not a dominating set in Po,4, x P2, a contradiction 
to the assumption. 

Therefore,K = y (Pop-2 x Po) < |D — {vo,u2K}| = |D]| -—-2 =k +1-—2=k-1 a contra 


diction, which proves the Lemma. 


Lemma 2.2. There is no md-set containing both vo~41 and Uzn+1 , where the vertices of 
Pop41 X Po are labelled as in the above Lemma 2.1. 


Proof The proof is similar to that of Lemma 2.1 with a slight change, that is by considering 
D— {v2~41U2r41} which is the dominating set in P2,_1 x Py with D being a md - set containing 
both Vor+1and U2k+1 in Pop 1 x Py. Thus, K= my (Pop-1 x P2) < |D = {von41U2K+1}| = 


|D| -2=k+1-—2=k-—-1a contradiction, which proves that D is not an md - set. 


Corollary 2.3 Every md - set in Pox41 X Po contains either vop41 or U2K41- 


20 Kishori P. Narayankar, Shailaja S. Shirakol and Shekharappa H.G. 


3, if k=1; 
2, if k>2. 


Theorem 2.4 y(P2.41 x Po) = 


Lemma 2.5 There exists exactly two md - sets containing both vop—1 and ugp—-1 In Pox x Po. 


Proof In Pox x P2 , clearly the vertices vo,_1 and u2,-1 can cover Vox—2, V2~ and u2K-2, 
u2k respectively. We claim that any md - set D containing either va,-3 or ue~x—3 but not 
both, (follows from the Corollary 2.3)union {vo~—-1, u2k—1} is an md - set in P2, x P,. Since 
k+1= (Por x P2) < |DU {voK—1, V2k—2}| = (Pop-3 x P2) +2=k—-1+2=k+1. Hence 
the claim. Again by Theorem 2.4 and Corollary 2.3, there are exactly two md-sets viz D; 


containing v2,-3 and D2 containing u2,-3 in Po,-3 x Pz. Hence Dy; U {v2~—-1, U2x-1} and 


Dez U {ven-1, U2k—1} are md-sets in Po, x Po. 


Lemma 2.6 There is no md-set containing both v2, and ux in Pox x Po. 


Proof On the contrary, assume that there is a md - set in Po, x P2 containing both voz 
and ug. Then, clearly, 

D—{vox, Uae} is a dominating set in Po, x P2. Thus, k = y(Pox-2 P2) < |D — {vax, uex}| < 
|D| -2=k+1—2=k-—1 a contradiction, which proves this lemma. 


Theorem 2.7 For any k > 3, yp (Pox x Po) = y(Por—2 X Po) +4 


Proof We prove this theorem by four steps following. 


Step 1. Let D,, Do,--- ,D, be md-sets containing w2,—2 in Pox-2 x Po, then, D; U {uaz} 
and D;U {vox} are dominating sets in P2,-2 x Po for i= 1,2,--- ,t But, k+1 = y(Pox x Po) < 
|D;| U {uaz} = |D;j| +1 = y(Pox—2 x Po) +1=k+1. Hence, D;U {ux} is a md-set in Po, x Po. 
And for the same reason, D; U {vox} is a md-set in Po, x Po. 


Step 2. By the Lemma 2.5, Let D, and D2 be two md - sets containing both voz_3 
and u2,—3 in Po,» x Po. But, by the Lemma, there exists exactly two md - sets say D{ and 
D5, containing v2,-3 and ug,—3 respectively in P2,-2 x Py. So, D; must be obtained from 
DU {v2~~-3, Uae—3} and D2 must be obtained from D4 U {vex-3, uar—3}. Thus it is not difficult 
to see that (D1 — vop—3) U{v2n—-1, Woe} and (Dy — 2x3) U{u2p-1, Vor} are md- sets in Po, x Po. 


Step 3. For md-sets D; and D2 of P22 x P2 the sets (Dy — {v2x—3}) U {vep-1, Vor} and 
({ D2 = U2k—3}) U {uor-1, Uak, } are md- sets in Po, x Po. 


Step 4. For md-sets D; and D2 of Po,~-2 x P: the sets (D1 — {vox—3}) U {voK—1, U2k—1} 
and ({ Do = U2k—3}) U {voK-1, U2K—1} are md- sets in Po, x Po. 
Thus yp (Poy X Pp) = 2424242 = 24244 =p (Pop_z x Pz) +4 by steps 1,2, 3, 4. 
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Abstract: A Smarandache-Fibonacci Triple is a sequence S(n), n > 0 such that S(n) = 
S(n—1)+S(n—2), where S(n) is the Smarandache function for integers n > 0. Certainly, it 
is a generalization of Fibonacci sequence. A Fibonacci graceful labeling and a super Fibonacci 
graceful labeling on graphs were introduced by Kathiresan and Amutha in 2006. Generally, 
let G be a (p,q)-graph and {S(n)|n > 0} a Smarandache-Fibonacci Triple. An bijection 
f: V(G) — {S(0), S(1), S(2),...,.S(q)} is said to be a super Smarandache-Fibonacci grace- 
ful graph if the induced edge labeling f*(uv) = |f(u) — f(v)| is a bijection onto the set 
{S(1), $(2),...,S(q)}. Particularly, if S(n),n > 0 is just the Fibonacci sequence Fi, i > 0, 
such a graph is called a super Fibonacci graceful graph. In this paper, we construct new 
types of graphs namely F, ® Pe is Cn @ Pm; Kin @ K1,2, Fn ® Pm and Cr @ Ki,m and we 


prove that these graphs are super Fibonacci graceful graphs. 


Key Words: Smarandache-Fibonacci triple, graceful labeling, Fibonacci graceful labeling, 


super Smarandache-Fibonacci graceful graph, super Fibonacci graceful graph. 


AMS(2000): 05C78 


§1. Introduction 


By a graph, we mean a finite undirected graph without loops or multiple edges. A path of 
length n is denoted by P,41. A cycle of length n is denoted by C,. G* is a graph obtained 
from the graph G by attaching pendant vertex to each vertex of G. Graph labelings, where 
the vertices are assigned certain values subject to some conditions, have often motivated by 
practical problems. 

In the last five decades enormous work has been done on this subject [1]. The concept of 
graceful labeling was first introduced by Rosa [5] in 1967. A function f is a graceful labeling of 
a graph G with q edges if f is an injection from the vertices of G to the set {0,1,2,...,q} such 
that when each edge uv is assigned the label | f(u) — f(v)|, the resulting edge labels are distinct. 
The notion of Fibonacci graceful labeling and Super Fibonacci graceful labeling were introduced 
by Kathiresan and Amutha [3]. We call a function f, a Fibonacci graceful labeling of a graph G 


1Received June 30, 2010. Accepted September 6, 2010. 
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with q edges if f is an injection from the vertices of G to the set {0,1,2,...,F,}, where Fy is 
the q'” Fibonacci number of the Fibonacci series F; = 1,F) = 2,F3 = 3, Fy = 5,---, such that 
each edge uv is assigned the labels | f(w) — f(v)|, the resulting edge labels are F), Fo,...,Fg. An 


injective function f : V(G) > {Fo, Fi,..., Fy}, where F, is the q'” Fibonacci number, is said 
to be a super Fibonacci graceful labeling if the induced edge labeling | f(u) — f(v)| is a bijection 
onto the set {F), F),...,F }. In the labeling problems the induced labelings must be distinct. 


So to introduce Fibonacci graceful labelings we assume F, = 1, Fy = 2, F3 = 3, Fy = 5,---, as 


the sequence of Fibonacci numbers instead of 0,1,2,..., [3]. 

Generally, a Smarandache-Fibonacci Triple is a sequence S(n), n > 0 such that S(n) = 
S(n — 1) + S(n — 2), where S(n) is the Smarandache function for integers n > 0 [2]. A (p,q)- 
graph G is a super Smarandache-Fibonacci graceful graph if there is an bijection f: V(G) > 
{S(0), S(1), $(2),...,S(q)} such that the induced edge labeling f*(uv) = |f(u) — f(v)| is a 
bijection onto the set {.S(1), S(2),...,S(q)}. So a super Fibonacci graceful graph is a special 
type of Smarandache-Fibonacci graceful graph by definition. 

In this paper, we prove that F, ® ey, Cr ® Pm, Kin @ B12, Fn ® Pm and Ch © Kim 


are super Fibonacci graceful graphs. 


§2. Main Results 


In this section, we show that some new types of graphs namely F,,@ K}',,, Cn ® Pm, Kyi n@Ki 2, 


1,m? 


Ff, ® Pm and C,, ® Ky,m are super Fibonacci graceful graphs. 


Definition 2.1([4]) Let G be a (p,q) graph. An injective function f: V(G) - {Fo, Fi, Fo,..., Fa}, 
where Fy is the q'” Fibonacci number, is said to be a super Fibonacci graceful graphs if the in- 
duced edge labeling f*(uv) =|f(u) — f(v)| is a bijection onto the set {F\, Fo,..., Fa}. 


Definition 2.2 The graph G = F, © Pm consists of a fan F;, and a Path Py, which is attached 
with the maximum degree of the vertex of Fy. 


The following theorem shows that the graph F;, 6 Pm is a super Fibonacci graceful graph. 


Theorem 2.3 The graph G= Fy, © Pm is a super Fibonacci graceful graph. 


Proof Let {uo = v, U1, U2,...,Un} be the vertex set of F;, and v1, v2,...,Um be the vertices 
of P, joined with the maximum degree of the vertex uo of F,. Also, |V(G)| = m+n+4+1 
and |E(G)| = 2n + m-—1. Define f : V(G) — {Fo,Fi,...,Fy} by fluo) = Fo, flu) = 
Fonim—1—26-1), 1S it <n, fui) = Fm—2G_-1), 1 S71 < 2, 


F, ifm = 0(mod3) F; ifm = 1(mod3) 
f(Um) = : f(Um-1) = . 
F, ifm = 1,2(mod3) Fy, ifm = 2(mod3) 
and f(Um—2) = Fy if m = 2(mod3). 
—3 —4 —5 
For 1 = 1,2,..., a , or is , or ag according to m = 0(mod3) or m = 1(mod3) 


3 3 
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or m = 2(mod3), define 
f(vit2) = Fm-1-ai-1 43-1), 8-2 S 7 <3. 


We claim that the edge labels are distinct. Let Ey = {f*(uitigi) 27 = 1,2,...,2—1}. Then 


Ey = {\f(ui)— f(wi41)| 22 =1,2,...,n—-1} 
= {lf(us) — flue), |f(u2) — Flus)|,---.1f(un—1) — fun) |} 
= {|Font+m—1 — Fantm—sl, |Fantm—3 — Fantm-—s|,---)|Fim+3 — Fm-+il} 
= {Fontm—2, Fantm—4)---)Fim+4; Fim+2}, 


Ey = {f*(uow):i=1,2,...,n} = {|f(uo) — f(ui)|:¢i=1,2,...,n} 
{|f(uo) — f(ur)|,|f(uo) — f(u2)|,---|f(uo) -— fun) |F 
{|Fo — Fon+m-1|,|Fo — Fan4m-sl,---,|Fo — Fin4il} 


= { Pontm—1; Fantm—3,--->m+3, Pmsi}; 


l| 


Es 


{f*(uorr), F*(vrv2)} = {1F(uo) — Fri) LF(er) — F(va) iF 
{|Fo —. Fras | Fm = m—2|} = {Fin, Fin-1}- 


Let Ey = {f*(vev3)}. The edge labeling between the vertex v2 and starting vertex v3 of 
the first loop is 


E4 = {|f(v2) — f(vs)|} = {]Fm—2 — Fim—1l} = {Fin—s}. 
For | = 1, let Es = { f* (vizovi43) el SS a SS 2}. Then 


Es = {|f(vit2) — fviss)|: 1 <4 < 2} 
= {lf(vs) — f(va)l [Ff (va) — Fes) iF 
= {|Fim 1— Fm 3|,|Em 3— Fin si} = {Fin—2, Fm—}.- 


Let E} = { f*(usue)}. We find the edge labeling between the end vertex vs of the first loop 
and starting vertex ve of the second loop following. 


Es = {|f(vs) — f(ve)|} = {|Fin—s — Fin—al} = {Fin—sh- 
For |= 2. let Ee = { f* (vi42ovi43) 74 < a < 5}. Then 


Eo = {lfvite) — fviss)| +4 <4 < 5} = {| f(v6) — f(v7)|, |F(o7) — Flos) I} 
{|Fim 4— Fn 6|,|Em 6— lin sl} = {Fm-_—s, Pm_7}.- 


For labeling between the end vertex vg of the second loop and starting vertex v9 of the 
third loop, let Ej = {f*(vgvo)}. Then 


Eg = {|f(vs) — f(vo)|} = {\Fin-s — Fin-7|} = {Fino}, 
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etc.. For 1 = a — 1, let Ems_y = {f*(vigevie3) :m—10<i<m-—9}. Then 


{lf (vite) — F(vits)|: m—10<i<m— 9} 
{|f(Um-s) — f(Um-7)|,|f(Um—7) — f(Um—s)|} 
{|Fio — Fa|, |F3 — Fel} = (Fo, Fr}. 


I 


Eim=s 
mes 1 


I 


I 


—5 


For the edge labeling between the end vertex v,;,—6 of the eC — 1)" loop and starting 


m— 


5 
vertex Um—s of the ( )'@ loop, let Exm—s_, = {f*(Um—6¥m—s)}. Then 
3 


Bnes_, = {|f(Um—6) — f(Ym—s)|} = {|F6 — Fal} = {75}, 


Ems = {f*(vizeviz3):m—T<i<m—6} 
= {|f(vize) — fvizs)|: m-7 <1 < m— 6} 
= {|f(Um—s) — f(Um-a)], |f(Um—4) — f(Um-s)|} 
= {|F7— Fs, |Fs — Psi} = (Fe, Fu}. 


—4 
For 1 = — — 1, let Emaa_y = {f*(uipevi43) > m—9<i<m-— 8}. Then 


Ema, = {|f(vit2) — f(vita)| i m—-9 <i < m— 8} 
= {|f(Um-7) — f(Um—6)|, |f(Um—6) — f(vm-s)|} 
= {|Fo— Fy|,|F7 — Fs|} = { Ps, Fo}. 


—A4 
For the edge labeling between the end vertex v,,_5 of the (ae — 1)" loop and starting 


—A4 
vertex Um—a of the (—)" loop, let Et = {f*(Um—sUm—4)}. Then 


Ema_ = {|f(0m—s) — f(Um—a)|} = {1F5 — Fol} = {Fa}. 


=—4 
For |= — 


, let Ema = {f*(vizevi43) 1m —6 <i < m-—5}. Calculation shows that 


Ema = {|f(vite) — f(vita)|:m—6 <i <m—5} 
= {|f(Um—4) — f(Um—s)|,|f(Um—3) — f(Um-2)|} 
= {|Fo— Ful, |Fa — Fol} = (Fs, F3}- 


—3 
Now for | = “—— — 1, let Em—s_y = {f* (vigevig3) :m— 8 <i<m-—7}. Then 


Em-3_4 {|f (vie) — fvits)|:m—-8<i<m— 7} 
= {|f(um—6) — f(Um—s)|,|f(Um—s) — f(Um—a)|} 
= {|Fs— Fel, |Fe — Ful} = {F7, Fs}. 


I 


3 Ly" 


Similarly, for finding the edge labeling between the end vertex vm_—4 of the e 
-—3 
loop and starting vertex u»—3 of the C2 loop, let Ere. = {f*(Um—4Um—3)}. Then 
3 


Ems_y = {|f(vm—a) — f(um—s)|} = {| — Fol} = {53}. 
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For 1 = SS let Em—s = {f*(uipevig3) > m—5 <i< m-—4}. Then 
Enos = {|f(vise) — f(virs)|:m—5 <i<m— 4} 
= {|f(Um-3) — f(m-2)|,|f(Ym-2) — f(Um-1)|} 
= {|f — *|, |’ — Al} = {P4, Fy}. 
Now let 
B® =(£ Oboe eee Ens) (HU BEU,---U Bhs): 
B® = (EU EU Ue) UCGURU- A) Fh) 
B® = (2 mU,...U ea) (BUBU--UFbes_1)- 
If m = 0(mod3), let ET = - (Um—1Um)}, then EY = {|f(um—1 — f(Um)|} = (|Fi — Fel} = 


{Fi}. Thus, 
E= E{| )E% = (FA, F,..., Fontm-i}- 


For example the super Fibonacci graceful labeling of Fy @ Pe is shown in Fig.1. 
Fy ® Ps : 
Fig Fio Fu Fio Fo Fe Fy 


Fo Fe F4 Fs Fs Fi Fy 


Fig.1 


If m = 1(mod3), let ES = { f*(Um—2Um-1); f* (Um—-1Um)}, then 
Ey = {|f(tm—2—- f(Um-1l, |f(um—1 — f(um)|} 
= {h)- | |F3- Al} ={h, B}. 


Thus, 
E = ESUE® ={F, Fy,..., Fontm-1}- 


For example the super Fibonacci graceful labeling of Fy @ P7 is shown in Fig.2. 


fy @ Pz: 
Fis Fi; Fio Fy, Fio Fy Fs 
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If m = 2(mod3), let E3 = { f*(Um—3Um—2), f*(Um—2Um-1); f* (Um—1Um)}, then 


E3 = {|f(vm—3) — f(Um—2)|,|f(Ym—2) — f(Um—1)1 |f(Um—1 — f(um)|} 
= {|F3 — F4|,|Fs— Fo, |e - Al} = {h, Bs, Ki}. 


Thus, 
E= EXUE® ={F,F,...,Fanim-1}- 


For example the super Fibonacci graceful labeling of Fs 6 Ps is shown in Fig.3. 


Ps ® Ps: 


Fig.3 


Therefore, F, 6 P,, admits a super Fibonacci graceful labeling. Hence, F,, 6 Py is a super 


Fibonacci graceful graph. 


Definition 2.4 An (n,m)-kite consists of a cycle of length n with m-edge path attached to one 
vertex and it is denoted by Cy © Py. 


Theorem 2.5 The graph G = C, ® Pm, is a super Fibonacci graceful graph when n = 0(mod3). 


Proof Let {ui,u2,...,Un = v} be the vertex set of C, and {v = tn,v1,V2,.-.;Um} be 
the vertex set of P,, joined with the vertex uy, of C,. Also, |V(G)| = |E(G)| = m+n. 
Define f : V(G) — {Fo,Fi,..., Fg} by f(un) = Fo, f(u1) = Fmtn, f(u2) = Fmtn—2 and for 

n—3 : 
[=1,2,..., 3? f(uit2) = Fin4n—1-2(i-1)43(I-1) and for 31-2 <i < 31, f(vi) = Fn—2G-1); 
and for 1 <i< 2, 


Fy if m= 0(mod3) F; if m= 1(mod3) 
f(Um) = : f(Um-1) = : 
F, if m=1,2(mod3), Fy if m= 2(mod3) 
m—3 m—A . 
and f(Um—2) = Fy when m = 2(mod3). For 1 = 1,2,..., Or according 


to m = 0(mod3) or m = 1(mod3) or m = 2(mod3), let f(vit2) = Fm—1—2G—-1)+300-1) for 
31-—-2<i<3l. 
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We claim that all these edge labels are distinct. Let Ey = { f*unur), f*(uiu2)}. Then 


Ey = {|f(un) -— fur) f(s) — f(ua)|} 
{Fo —Frasals||Pmae m+n—2|} = (nin, Pmin-1}- 


For the edge labeling between the vertex ug and starting vertex u3 of the first loop, let 
E> = {f*(u2u3)}. Then 


Fy = {| f(u2) 7 f (us)|} = {|Fratn—2 = Fete hy = ie eaeame eg 
For | = 1, let Es = { f* (uiz2uits) ak < a < 2}. Then 
E3 = {|f(uite) — fluizs)|: 1 <2 < 2} 


= {lf(us) — f(ua)|, |f(ua) — F(us)|t 
= {|Fimtn 1 — Fm+n 3/1, |Emtn 3 — Pm+n sl} = {Fintn—2, Fm+n—4}- 


For the edge labeling between the end vertex us of the first loop and starting vertex ug of 


the second loop, let ES) = {f*(usue)}. Then 
ES? = {| f(us) — f(ue)|} ={|Fntn—s — Fntn—al} = {Fntn—o}- 


For | = 2, let Ey = {f*(uizouiz3) 4 <2 <5}. Then 


I 


{|f(ui+2) — f(uirs)] 454 < 5} = {| flue) — fur), [f(uz) — flus) it 
=, {|Fintn 4—Fmin 6|,|Fmtn 6 — Fmin—sl} = {Fmin—s, Pmtn_-7}- 


E4 


For the edge labeling between the end vertex ug of the second loop and starting vertex ug 
of the third loop, let E{” = {f*(ugug)}. Then 
EX = {|f(us) — f(uo)|} = {lFintn—s — Fintn—7l} = {Fintn—a}; 


—3 
etc.. For 1 = — — 1, let En—3_y = {f*(uipouiz3) :n—-8<i<n—7}. Then 


{|f (usta) — f(uizs)| 12-8 <i<n—7} 
{| f(un—s) 7 f(Un—s)|, |f (Un—s) = f(un—4)|} 
{|Fin+s — Fy, | 6|, |Ein L6 — Fm { 4)|} = {Fin+7; Pints}. 


n—- 


En=s 
nosy 


For finding the edge labeling between the end vertex un_4 of the ( ae 1)" loop and 


—3 
starting vertex Un_—3 of the ne 2rd loop, let EY, = { f*(un_4un—3)}. Then 
3 31 


EW, = {|f(un—4) — f(tn—s)|} = {Fmta — Fmtsl} = {Fmta}. 


3 
n—3 ; 
For 1 = ae let Ens = {f*(uipouiz3) :n—-5 <i<n-—4}. Then 


{|f(uite) — f(uits)|in-5<i<n—4} 
{| f(Un-3) — f(Un-2)|,|f(Un—2) — f(un—1)I} 
{|Fines — Final, |Fmn+3 — Fmail} = (Fins, Fimta}- 


l| 


En-s 
3 


I 
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Let EY = {f*(Un—-1tn)} and EF = {f*(unvi), f* (vive)}. Then 


EY = {|f(un—1) — fun)I} = {]Fmti — Fol} = {Fm+i}, 


Ey 


{|f(un) — Fer) Fler) — Fva) it 
{|Fo _ Fin\, [Fin at m—2\t — {Fin; Fm-—-1}- 


For finding the edge labeling between the vertex v2 and starting vertex v3 of the first loop, 
let E3 = {f*(vav3)}. Then 


E3 = {|f(v2) — f(ws)|} = {lFim-2 — Final} = {Fm-a}- 
For = 1, let Ef = {f*(vizovig3): 1 <i < 2}. Then 


Ey = tf(vit2) — f(vies)| 1 <2 < 2} 
{|f(v3) — f(va)|, |F(va) — Fos) I} 
= {|Fin 1—Fim 3l; Em 3 — Fn sl} = {Fin-2, Fin—s}. 


Now let Eo) = {f*(uvsue)}. Then 
EL = {|f(us) — f(v6)|} = {|Fn—5 — Fin—al} = {Fin—c}- 
For | = 2, let EE = {f*(vizevig3) 14 <2 < 5}. Calculation shows that 


Es = {\f(vite) — f(vits)|:4< 4 < 5} 
{|f(v6) — f(v7)|,|fo7) — F(vs) |} 
Pe {|Fin 4— Fn ol; Em 6 — Fin si} = {Fm_—s, Fn_7}- 


I 


Let ge) = {f*(ugvg)}. We find the edge labeling between the end vertex vg of the second 
loop and starting vertex vg of the third loop. In fact, 


Bs") = {|f(vs) — f(v9)|} = {Fins — Fn—rl} = {Fino} 


—5 
etc.. For 1 = — — 1, let E* = {f*(vigevie3) :m—10<i<m-—9}. Then 


m—5 
agen 


mos, = {[f(vit2) — f(vits)|im—l0sism—9} 
= {|f(Um-s) — f(Um—7)|,|f(Um—7) — f (Um—s)|} 
= {|Fio — Fal, |Fs — Fel} = { Fo, Fr}. 


m—5 


Similarly, for finding the edge labeling between the end vertex vm,—¢6 of the ( 2 


5 3 
loop and starting vertex u»—5 of the ye loop, let E' oe S = {f*(Um—6Um—5)}. Then 
3 


m 


oS = {lf(Um—6) — f(Um—s)|} = {|Fe — Fol} = {Fs}. 
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For [== 


—5 
; let Es = {f* (vipevits) :m—7 = a <m- 6}. Then 
ax toa 


:m—7<i<m-—6} 


mos = {|f(vit2) — f(vits) 
= {|f(Um—s) — flUm-a)I, |f(Um—4) — F(Um-s)|} 
= {|Fr— 5, |Ps — Pal} = (Fe, Fu}. 
For | = m1, let Bina as = {f*(uipevig3) > m—9 <i<m-— 8}. We find that 
ma, = {[f(vit2) — f(vizs)|:m-9<i<m-— 8} 
= {|f(Um-7) — f(um-6)|, |f(Um-6) — f(Um-s)|t 


3 
= {lfo- Fy, | — sl} = (Ps, Po}. 
For getting the edge labeling between the end vertex um—s of the == —1)*" loop and 


starting vertex v,,—4 of the (ay loop, let Bink = {f*(Um—sUm—4)}. Then 


Be = {|f(Um—s) — f(Um—a)|} = {| — Fol} = {Fa}. 


tera. 


—4 
let ES. = {f* (vipevigs) :m—6 <i<m-—5}. Then 
a 


maa = {F(vit2) — f(viss) 
{| f(Um—4) — f(Ym—s)|)|f(Um—-3) — f(Ym—2)|} 
= {|Fo — Ful, |Fa — Fol} = (Fs, F3}- 


:m—6<i<m-—5} 


I 


For t= "= -1, let Bins 84 = {f*(uipevig3) :m—8 <i<m-—7}. Then 
moa, = tf(vit2) — f(vits)|:m—8<ism—7} 
= {|f(Um—s) — f(Um—a)|,|f(Um—4) — f(Um—s)|} 
= {|Fg— Fel, |e — Fal} = (2), Bo}. 


-3 
For the edge labeling between the end vertex v,—3 of the ( — 1)" loop and starting 


= : 
vertex Um—2 of the (= yre loop, let Hy = {f*(Um—3Um—2)}. Then 
3 


Enea = {fm- 3) — f(Um—2) |} = {|Fa — Fs|} = {F3}- 


Similarly, for | = mse , let Bina 5 ={f* (ipevit3):m—5<i<m-—A4}. Then 


maa = {fF (vit2) — f(viss) 
= {|f(Um-3) — f(Um-2)|;|f(Um—2) — f(um-1) |} 
= {|F5 — 3|,|F3 — Al} = 1, B}. 


:m—5<i<m-—4} 


Now let 
oe (aUeU--UFs)U(eUeU- Uris) 
UEUsU-UFas) UP UB" U- Uz.) 
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BQ) — (2Ue2U--Uts)U(eUeU Uris) 
UeUsU- Uta) U(r UE? U- Use.) 


and 
i ae (AUBU- UF) (UU Uris) 
U(UBU:-UFage) U (ef? Ue? UU zee_.). 
If m = 0(mod3), let Ex* = { f*(Um—1m)}, then 
EY” = {|f(Um-1 — f(Um) |} = {Fi — Fal} = {4}. 
Thus, 


E= EX U EO = {f, F,...,Fmin}- 


For example the super Fibonacci graceful labeling of Cg © Pe is shown in Fig.4. 


Ce @ Pe: 


Fig.4 


If m = 1(mod3), let E3* = {f*(Um—2Um—1), f* (Um—1Um)}, then 
Ex” = {|f(Um-2 - f(Um-1l,|f(Um-1 — f(um)|} 
= {Fo — 3||F3—-Fil} = (hi, Fo}. 


Thus, 
E = Ex* U E®) = {F, Fy,...,Fmn}- 


For example the super Fibonacci graceful labeling of Cg 6 P7 is shown in Fig.5. 


Ce @ P7: 
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If m = 2(mod3), let E3* = { f* (Um—3Um—2), f*(Um—2Um-1); f* (Um—1Um)}, then 


E3* {|f(Um-3) — f(Um—2)|, |f(Um—2) — f(Um-1)|; |f(Um—1 — f(Um)|} 


{|F3 — Fa), Fa — Fl, |Fo — Fil} = (2, Bs, Fi}. 


Thus, 
E = Ex*U E®) = {F, Fy,...,Fmn}- 


For example the super Fibonacci graceful labeling of Cg 6 Ps is shown in Fig.6. 


Ce ® Ps: Fo 


a Fo fs #3 iy fy F, 


Fig.6 


Therefore, C;, 6 Py, admits a super Fibonacci graceful labeling. Hence, C;, 6 Pm is a super 


Fibonacci graceful graph. 


Definition 2.6 The graph G = F, @ de, consists of a fan Fy, and the extension graph of 


Ha which is attached with the maximum degree of the vertex of Fy. 


Theorem 2.7 The graph G = F, @ Kj, is a super Fibonacci graceful graph. 


1,m 


Proof Let V(G) = UUV, where U = {uo,u1,...,Un} be the vertex set of F, and 
V = (Y\,V2) be the bipartion of Kim, where Vi = {v = uo} and V2 = {v1, v2,..-,Um} and 
W1, W2,-.-,Wm be the pendant vertices joined with v1, v2,...,Um respectively. Also, |V(G)| = 
2m+n-+1 and |E(G)| = 2m+2n-1. 


Case 1 m,n is even. 
Define f : V(G) — {Fo, Fi,..., Fg} by f(uo) = Fo, fui) = Fomson—1-2(-1) if 1 <1 <n; 
f(va-i) = Fom-au-1y if 1 <i < 3? f(va) = Fom-3-au-1) if 1 <i < 33 f(wo-1) = 


Fom—2—a(i-1) WI Sa < ~ and f(w2i) = Fom—1-a(i-1) if 1S i < oes 
We claim that all these edge labels are distinct. Calculation shows that 


Ey = {f*(uuigi):i=1,2,...,n-1} 
= {|f(us) — f(uiyi)| 272 =1,2,...,n—-1} 
= {I f(ur) — f(ua)|s1f(u2) — Flue) |, -+- Lf ma) — F (n)1} 
= {|Fan+2m-1 — Fantom-s, |Fant2m—3 — Fan+2m—s5|,--+1|Fam+3 — Fams+il} 


— {Fon+o2m-2; Fon+2m—4, tee »Fom+4, Pom+2}, 
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Ey = {f*(uow) :i=1,2,...,n} 
= {|f(uo) — f(us)|:¢=1,2,...,n} 
{|f (wo) — F(ur)Is | F(uo) — F(ua)|,-»-s1F(uo) — Fn—1)1s LF(uo) — Fun) 


{|Fo — Fon+am—1|, |Fo — Fon+2m—3\|,---,|Fo — Fam+s\,|Fo — Fom+il} 
= {Fontam-1; Pont2m—3; Rarer Fom+3, Fom+i}, 
2m 
Ez; = {f*(uova-1):1<i< ou 
_2m 
= {|f(uo) — f(va-1)| :1<i< 5 


= {lf(uo) — fe)] |Fluo) — Flva)| +++ 1F(o) — F%m—s)I,|F(uo) — F(%m—1) |} 
= {|Fo — Fam|,|Fo — Fam—al,.--,|Fo — Fs|,|Fo — F4|} 


= {Fom, Fom—4,..-, Fs, Fa}, 


Ey = { f* (uovai) i 1 < 1 < 


= {lf(uo) — f(vas)| 21 
= {lf(uo) — f(va)|, [f(uo) — f(v4)|,---.|f(uo) — fm-2)|, |f(uo) — F(Um)|t 
= {|Fo — Fam—s|,|Fo — Fam—7|,---,|Fo — Fs, |Fo — Fil} 

= {FPomn-3, Fom_-7,..-,F5, Fi}, 


: 2m 
Es = {f*(vai-1wa-1):1<i< oe 
<1 


= {|f(va1) — F(wai-1)| 21 
= {lf(v1) — f(w1)|, |f(vs) — f(ws)|,---.1fl@m-3) — f(Wm-s)|,|f(Um-1) — f(wm-1)|t 
= {|Fom — Fom-ol,|Foam—4 — Fam-el,.-+, [Pa — Fol, |Fa — Fal} 

= {FPon-1, Fom-s...., F7, F3}, 


= {lf(vai) — f(was)| 21 
= {lf(v2) — f(wa)|, [f(va) — f(wa)l,--- sf (m—2) — f(Wm-2)1,|F(Um) — f(wm)| 
= {|Fom—3 — Fom-1|,|Fam—7 — Fom—s|,.--,|Fs — Fol, |Fi — Fal} 

= {Fom-2, Fom_-e...., Fo, Fo}. 


Therefore, 

B= Fy mU--Uzs. = {F, F),...,Fam+on-1} . 
Thus, the edge labels are distinct. Therefore, F, 6 K iC m admits super Fibonacci graceful 
labeling. Hence, F;, 6 K Ae m iS a super Fibonacci graceful graph. 


For example the super Fibonacci graceful labeling of Fy 6 Kk i 4 is shown in Fig.7. 
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Fis Fig Fis Fi Fir Fro Fo 


Fi, ® Key: 


Case 2 m even, n odd. 


Proof of this case is analogous to case(i). 


For example the super Fibonacci graceful labeling of Fs 6 K. - 4 is shown in Fig.8. 


Piz Fig fis Fy, Fis Fig Fur Fi Fo 


Fy @ Ky: 


Fig.8 


Case 3 m,n is odd. 


Define f: V(G) > {Fo, Fi,.--, Fa} by f(uo) = Fo; f(ui) = Fom+2n—1-2(-1) if 1 <i <n; 


3 . mM m—-1 
f(Wm) = Fi; f(vai—1) = Fom-au-1) if 1 <i < 


+1 : 
2 3 f (vai) = Fom—3—4(é—1) ifl<i< 5 ; 


-—1 -—1 
f(wai-1) = Fom—2-ag-1) if <i - and f(wai) = Fom—1-aj—1) if 1<i< = 


We claim that the edge labels are distinct. Calculation shows that 


Ey = {f*(uguigi):¢=1,2,...,n—-1} 

= {|f(us) — f(uigi)| 22 =1,2,...,n—-1} 

= {| F(ur) — f(u2)), | (u2) — fa) |, ]Ftn—2) — Fado (tn—1) — Fen) 
= {|Fontom—1 — Fontem—3|,|Fontem—3 — Fontom—s|,---;|Fam45 — Fama), 


|Fom+3 — Fom+i|} = {Fon+em-2; Fontom—4,+++, Fom44, Famse}, 


E» 


Bs 


ke = 


E; = 


Therefore, 
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= {f*(uou;):2=1,2,...,n} 
= {lf(uo) — f(wi)] +4 = 1,2,...,} 
= {lf(uo) — f(ur)], |F(uo) — F(ua)|,.- + 1F(uo) — F(un—1)] F(uo) — Fun) It 


= {|Fo ~ Fent2m—1),|Fo — Fant2m—s|,--++|Fo — Fam+s|,|Fo — Fam+il} 
= { Fontom-1; Fon+2m—3;--+;fam+3; Fom+1}, 
ig _mt+i 
= {f*(wova-1):1<i< oh 
_-mt+i1 
= {lf(uo) — f(va—-1)):1<i< ; } 


= {|f(uo) — f(vi)|,|f(uo) — f(vs)|,---, | flue) — flum—2)|,|f(uo) — f(um) |} 
= {|Fo — Fom|,|Fo — Fam—al,-.--,|Fo — Fel, |Fo — Fol} 
= {Pon, Fom—a,..., Fo, Fo}, 
m—-1 
ae: 
= {|f(uo) — fea]: 1s is =} 
= {lf(uo) — f(va)|, [f(uo) — fv4)|,-- +. |f(uo) — Fm-s)|,|F(uo) — fm-1)|} 
= {|Fo — Fom-al,|Fo — Fom—7|,---)|Fo — Fol, |Fo — Fal} 
= {Fomn-3, Fam_7...., Fr, F3}, 


= Af" (igve:)s TS i< 


1 


Es ={f*(Umwm)} = {|f(Om) — f(wm)|} = {2 - Fil} = {Fi}, 


~~ m-i1 
{f*(vai-1wai-1) : 1 Si < 5 \ 


-1 


{|f(vai-1) — f(wai-1)| : 1 sis S} 
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{|f(o1) — F(wi)| |F (vs) — ws) ---s|F(m—4) — f(Wm—a)] |f(m—2) — f(Wm—2) |} 


{|Fom — Fon—2|, |Fom—a = Fomine lye [Fe — Fe|,|Fe = F4|} 
{Fom—1; Fom—s...., Fo, Fs}, 


m—-1 


mal 


{Iflo2) — Fwa)| sis MS 


{f*(voiwa) 1 <i< 


{|f(v2) — F(wa)| |Fva) — flwa)|,---s1f(m—3) — f(Wm—s)]s|F(m—1) — F(wm—1)I} 


{|Foam—3 = Fom-1|, |Fom—7 = Fom—5\; ae [Fy _ Fol, | Fs _ Pe} 
{Fom—2, Fom—6---- Fs, Fa}. 


E=hUJEU---U ={F,By...; Famton-i}- 
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Thus, the edge labels are distinct. Therefore, F, 6K i m admits super Fibonacci graceful labeling. 
Whence, F, © Kj, is a super Fibonacci graceful graph. 


1,m 


For example the super Fibonacci graceful labeling of Fs 6 K iE 3 is shown in Fig.9. 


Fy ® Ky: 


Case 4 m odd, n even. 


Proof of this case is analogous to Case 4. 


For example the super Fibonacci graceful labeling of Fy 6 K- ic 3 is shown in Fig.10. 


Fis Fig Fu Fio Fo FR Fy 


Fy @ Kf: 


Definition 2.8 The graph G=C), ® Kim consists of a cycle Cy, of length n and a star Kim 
is attached with the verter un of Cy. 


Theorem 2.9 The graph G = C,® Kim is a super Fibonacci graceful graph when n = 0(mod3). 


Proof Let V(G) = Vi U Va, where Vi = {u1,uU2,...,Un} be the vertex set of C, and 
V2 = {v = Un, V1, V2,---,Um} be the vertex set of Kim. Also, |V(G)| = |E(G)| = m-+n. Define 
f : V(G) —> {Fo, Fi, Fa, acs ., Fy} by f (un) = Fo; f (us) => Fin4n—2(i-1) if 1 < a SG 2; f (vi) _ F; 


3 
if 1 s a <m and for | = 1, 2, sees as f (wi42) = Prrtn—1-2(i-1)43(I-1) if 31 —2 < a < 3l. 
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We claim that the edge labels are distinct. Calculation shows that 
Ey = {f*(unvi):1<i<m 
= {lf(un) — f(vi)]: 1 <i sm} 
= {|f(un) — Flor) |Flun) — Fra). 1F(un) — Fm) Fun) — Fm) 
= {|Fo— Fi|,|Fo — Fol,.--,|Fo — Pm-1|, |Fo — Fim|} 
= {Fi,Fo,...,Fm-1, Fm}, 


Ey = {f* (unui), f(urue2)} = {]f(un) — fur), [F(ur) — Fue) I} 
= {|Fo — Fintn|, |Fimtn — Fim+n—2l} = {Pinin; Pmtn-1}- 


For the edge labeling between the vertex ug and starting vertex u3 of the first loop, let 
E3 = {f*(u2u3)}. Then 


E3 = {|f(u2) — f(us)|} = {]Pmtn-2 — Fm+n-1} = {Fmtn-3}- 
For 1 = 1, let Ey = {f*(uizouiz3): 1 <2 < 2}. Then 
Ey = {|f(uite) — fuigs)|: 1 <2 < 2} 
= {lf(us) — f(ua)|,|f(ua) — f(us)|t 


— {|Fim+n-1 — Firntn—3\,|Pmtn—3 — Pmin—s)|} 


= {Frin-2,Fm+n—4}- 
Let EY) = {f*(usue)}. Then 
By = {If (us) — f(s)1} = {lFintn—5 — Fintn—al} = (Fintn—o}- 
For | = 2, let Es = {f*(uizouig3) 4 <i <5}. Then 


Es = {(|f(ui+2) — f(uits)|:4 <7 < 5} 
{lf (ue) — f(uz)|,1f(ur) — f(us) |} 


= {|Fin+n—4 > Prine; |Fintn—6 = Fintn—s)|} 


= {Fimtn-—5; Fitna}: 


For finding the edge labeling between the end vertex ug of the second loop and starting 
vertex ug of the third loop, let EY = {f*(ugug)}. Then 


ES = {|f(ug) — f(uo)|} = {|Fintn—8 — Fintn—7|} = {Fintn—o} 
—3 
etc.. Similarly, for | = — — 1, let En-3_4 = {f* (uipouiz3) 2-8 <i<n—7}. Then 


Ena) = {f(uite)— f(uits)|in-8<Sisn—7} 
= {lf(tn-6) — f(Un—-s)|;|f(un—5) — f(un—a)l} 
= {|Fave— Fintel:| nee — Pm+a)|} = Lina. Sse). 
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n—- 


For finding the edge labeling between the end vertex un—4 of the ( fe 1)" loop and 


starting vertex u,—3 of the Ay loop, let EW, _ = {f*(un-4Un-3)}. Then 
35s 
Bia = {fF (un—a) — F(tn—a)/} = {Fina — Fints|} = (Fmea}- 


For 1 = 1. let En-s = {f*(uipouiz3) >n—-5 <i<n—4}. Then 


En = {|f(wit2) — f(uta)]sn-5<Sisn—4} 
= {lf(un—3) — f(un—2)|,|f(un—2) — F(un—1)|} 
= {|Fin+s — Fin+3|,|Pm+3 — Fm+i)|} = {Fin+4, Fin+2}- 


eee OMe Tne 
EY = {|f(un—-1) — fun)|} = {]Fmti — Fol} = {Fm+i}- 
Therefore, 
B= (AUBU- UF) U (PUB U Uses) UF 
SS chon gt Ms 


Thus, all edge labels are distinct. Therefore, the graph G = C,, @ K1,m admits super Fibonacci 


graceful labeling. Whence, it is a super Fibonacci graceful graph. 


Example 2.10 This example shows that the graph Ce © Ky,4 is a super Fibonacci graceful 
graph. 


Ce ® Ki : 


Fig.11 


Definition 2.11 G= Ki, @ K12 is a graph in which K1,2 is joined with each pendant vertex 
of Kin- 


Theorem 2.12 The graph G = Ki» @ K1,2 1s a super Fibonacci graceful graph. 
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Proof Let {uo, U1, u2,-..,Un} be the vertex set of Ky, and v1, v2,...,Un and wi, W2,..-,Wn 
be the vertices joined with the pendant vertices ui, u2g,...,Un of Ky, respectively. Also, 
|\V(G)| = 3n +1 and |E(G)| = 3n. Define f : V(G) — (Fo, Fi, Fo,..., Fy} by f(uo) = Fo, 
fui) = Fen-ag-y, 1 Si <n, f(vi) = Fon-1-aa-, 1 S i <n, f(wi) = Fen-2-a(-1); 
l<i<n. 

We claim that the edge labels are distinct. Calculation shows that 

Ey = {f*(uouj):ti=1,2,...,n} 
= {lf(uo) — f(ua)| +4 = 1,2,...n} 
= {I f(uo) — f(ur)|, [F(uo) — F(ua)[,- 5 F(uo) — F(un—1)1|F(uo) — Fun) 
= {|Fo — Fan|,|Fo — Fan—sl,---,|Fo — Fel, |Fo — Fl} 
=o 4 Pans Fan syan eye la py 


Ey = {f*(uj):i=1,2,...,n} 
= {|f(ui) — f(v)| +i =1,2,...,n} 
= {lf(ur) — f(r) |F(u2) — flva)|,-- 5 [F(un—1) — fra), = [Ff (un) — Fen) |} 
= {|F3n — F3n—1|,|F3n—3 — Fan—a|,---,|Fe — Fs|, |F3 — Fal} 
es Ss ye oe eT 


Bz = {f* (uw) :¢=1,2,...,n} 
= {\f(ui) — f(wi)| >i =1,2,...,n} 
= WU|f(ur) — f(w1)|,|f(u2) — f(we)|,---,|F(Un—1) — f(wn_1)I|, |f (un) — f(wn)|} 
= {|Fan — Fan—-2|,|Fan—3 — Fan—s|,---,|Fe — Fal, |F3 — Fil} 
= {F3n_1, F3n—4,.--,F5, Fo}. 


Therefore, 
E=2\|J)EoJ Bs ={f,F,...,Fan}- 
Thus, all edge labels are distinct. Therefore, Ky, @ Ky,2 admits super Fibonacci graceful 


labeling. Whence, it is a super Fibonacci graceful graph. 


Example 2.13 This example shows that the graph K1,3 @ K1,2 is a super Fibonacci graceful 
graph. 


Ki3@ Kia: 
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Abstract: A Smarandachely k-marked graph is an ordered pair S = (G,) where G = 
(V, £) is a graph called underlying graph of S and w:V — (€1,@2,...,@,) is a function, where 
each @; € {+,—}. An n-tuple (a1, a2,...,@n) is symmetric, if a, = Qn—k41,1 <k <n. Let 


A, = {(a1,d2,...,@n) : Gr +,—}, Gk = Gn—k4+1,1 < k < n} be the set of all symmetric 


n-tuples. A Smarandachely symmetric n-marked graph is an ordered pair S, = (G, 4), 
where G = (V,£) is a graph called the underlying graph of Sn and yp: V > Hn is a 
function. In this note, we obtain two different characterizations of Smarandachely consistent 
symmetric n-marked graphs. Also, we obtain some results by introducing special types of 


complementations. 


Key Words: Smarandachely symmetric n-marked graphs, consistency, balance, comple- 


mentation. 


AMS(2000): 0522 


§1. Introduction 


For graph theory terminology and notation in this paper we follow the book [2]. All graphs 
considered here are finite and simple. 
A Smarandachely k-marked graph is an ordered pair S = (G, 1) where G = (V, FE) isa graph 
called underlying graph of S and w: V — (€1,@2,...,€) is a function, where each €; € {+,—}. 
Let n > 1 be an integer. An n-tuple (a1, da, ...,@n) is symmetric, if ag = Gn—pqi,l<k <n. 
Let Hy, = {(a1, @2,...,dn) : ae € {+,—}, Qk = Gn—k41,1 < k < n} be the set of all symmetric n- 


tuples. Note that H,, is a group under coordinate wise multiplication, and the order of H,, is 2™, 

where m = [$]. A Smarandachely symmetric n-marked graph is an ordered pair S;, = (G, 1), 

where G = (V, E) is a graph called the underlying graph of S,, and 4: V — Hy, is a function. 
In this paper, by an n-tuple/n-marked graph we always mean a symmetric n-tuple / 
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Smarandachely symmetric n-marked graph. 

An n-tuple (a1, a2, ...,@n) is the identity n-tuple, if a, = +, for 1 <k <n, otherwise it is a 
non-identity n-tuple. In an n-marked graph S,, = (G,) a vertex labelled with the identity n- 
tuple is called an identity vertex, otherwise it is a non-identity vertex. Further, in an n-marked 
graph S;, = (G,u), for any A C V(G) the n-tuple (A) is the product of the n-tuples on the 
vertices of A. 

In [3], the authors defined different notions of balance in an n-marked graph S$, = (G, py) 
as follows: 


(i) S, is wi-balanced, if product of n-tuples on each component of S,, is identity n-tuple. 

(it) S, is consistent (inconsistent), if product of n-tuples on each cycle of S,, is identity 
n-tuple (non-identity n-tuple). 

(iit) S;, is balanced, if every cycle (component) contains an even number of non-identity 
edges. 


Note: (1)A i-balanced (consistent) n-marked graph need not be balanced and conversely. 
(2)A consistent n-marked graph need not be pi-balanced and conversely. 


Proposition 1(Characterization of consistent n-marked graphs) An n-marked graph S, = 
(G, uw) is consistent if, and only if, for each k, 1<k <n, the number of n-tuples in any cycle 


whose kt” co-ordinate is — is even. 


Proof Suppose S;, is consistent and let C' be a cycle in S,, with number of n-tuples in any 
cycle whose k*” co-ordinate is — is odd, for some k, 1 < k <n. Then, the k*” co-ordinate in 
cycle of n-tuples on the vertices of the cycle C is — and C is inconsistent cycle in S,,. Hence 


Sy, is inconsistent a contradiction. 


Converse part follows from the definition of consistent n-marked graphs. 


In [1], Acharya defined trunk on graphs as follows: Given a u—v path P = (u = 
Uo, U1, U2, +) Um—1; Um = Vv) of length m > 2 in a graph G, the subpath P’ = (uy, ua, ..., Um—1) 
of P is called a u—v trunk or the trunk of P. The following result will give the another 
characterization of consistent n-marked graph. 


Proposition 2. An n-marked graph S, = (G,) is consistent if, and only if, for any edge 
e = uv, the n-tuple of the trunk of every u—v path of length > 2 is p(u)u(v). 


Proof Necessity: Suppose S,, = (G,,) is consistent. Let e = uv be any edge of S, 
and P = (u = uo, U1, U2, ..-;Um—1,Um = v) be any u— v path of length m > 2 in S,. Then 
C = PU {e} is a cycle in S;,, which must have the number of n-tuples whose k'” co-ordinate is 
— is even. Therefore, 


w(P')u(u)u(v) = w(P) = w(C) = identity n— tuple (1) 


where P’ is the trunk of P. Clearly (1), implies that u(P’) and p(u)u(v) are equal. Since P 
was an arbitrarily chosen u — v path of length > 2 and also since the edge e was arbitrary by 
choice the necessary condition follows. 
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Sufficiency: Suppose that S;, satisfies the condition stated in the Proposition. We need 
to show that S,, is consistent. Let C = (v1, v2, ...,Upn, U1) be any cycle in S;,,. Consider any edge 
€ = vjU;41 Of C’ where indices are reduced modulo h. Then by the condition, we have 


LU; ) U(Vi41) = II L(v;), h= {Ly Zycceg doh (2) 

jeh—{i,i+1} 
because the section of P of C, not containing the edge v;v;41, which is a v; —v;+1 path of length 
> 2 in S;, satisfies the condition. Equation (2) shows that the number of same non-identity 
vertices in {v;,U;+1} must be of the even or odd as the number of same non-identity vertices in 
V(C) — {v;, vi4i1}. Clearly, this is possible if, and only if, the number of n-tuples cycle C whose 


k*” co-ordinate is — is even if, and only if, C is consistent. Since C’ was an arbitrarily chosen 


cycle in S,, it follows that S, must be consistent. 


If we take n = 1 in the above Proposition, then the following result regarding 1-marked 
graph (i.e, marked graph). 


Corollary 3(B. D. Acharya [1]) A marked graph S = (G, 4) is consistent if, and only if, for 
any edge e = uv, the sign of the trunk of every u—v path of length > 2 is p(u)u(v). 


§2. Complementation 


In this section, we investigate the notion of complementation of graphs with multiple signs on 
their vertices. For any t € Hy, the t-complement of a = (a1, G2, .-.,@n) is: at = at. The reversal 
of a = (a1, d2,...,@n) is: a” = (Gn, Qn-1,-.-,@1). For any T C A, andt € Hy, the t-complement 
of Tis T' ={a': ae T}. 

Let S, = (G,p) and Si, = (G’,y’) be two n-marked graphs. Then S,, is said to be 
if there exists a bijection ¢ : V — V’ such that if 
e = uv is an edge in Sy, wu and v is labeled by a = (aj, a2,...,@n) and a’ = (a4, a4,...,a/,) 
respectively, then ¢(u)¢(v) is an edge in S}, and ¢(u) and ¢(v) which is labeled by a and a’ 
respectively, and conversely. 


isomorphic to S’, and we write S,, = S! 


n? 


For each ¢ € H,, an n-marked graph S$, = (G, y) is t-self complementary, if S, = Sé. 


Proposition 4 For allt © H,, an n-marked graph S;, = (G, 4) is t-self complementary if, and 
only if, S@ is t-self complementary, for anya € Hp. 


Proof Suppose S;,, is t-self complementary. Then, S,, & $¢. This implies S¢ & $@. 
Conversely, suppose that $% is t-self complementary. Then, S@ & ($7). Since ($@)* = S,,. 
Hence: S, = (92*)? =S%. 


Proposition 5 Let S, = (G,) be an n-marked graph. Suppose the underlying graph of Sy, 
is bipartite. Then, for any t € Hn, Sn is consistent if, and only if, its t-complement S*, is 


consistent. 


Proof Since S;, is consistent, by Proposition 1, for each k,1 < k < n, the number of 
n-tuples on any cycle C in G whose k*” co-ordinate is — is even. Also, since G is bipartite, 
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for each k,1 < k < n, number of n-tuples on C whose k*” co-ordinate is + is also even. This 
implies that the same thing is true in any t-complement of S,, where t can be any element 
of H,. Hence S* is i-balanced. Similarly, the converse follows, since for each t € Hy, the 


underlying graph of S@ is also bipartite. 
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Abstract: The main purpose of this paper is to study the existence of a fixed points 
in fuzzy n-normed spaces. we proved our main results, a fixed point theorem for a self 
mapping and a common fixed point theorem for a pair of weakly compatible mappings on 


fuzzy n-normed spaces. Also we gave some remarks on fuzzy n-normed spaces. 
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§1. Introduction 


A Pseudo-Euclidean space is a particular Smarandache space defined on a Euclidean space 
R”such that a straight line passing through a point p may turn an angle 6, > 0. If @, > 0, 
then p is called a non-Euclidean point. Otherwise, a Euclidean point. In this paper, normed 
spaces are considered to be Euclidean, i.e., every point is Euclidean.In [7], S. Gahler introduced 
n-norms on a linear space. A detailed theory of n-normed linear space can be found in [8,10,12- 
13]. In [8], H. Gunawan and M. Mashadi gave a simple way to derive an (n—1)- norm from the 
n-norm in such a way that the convergence and completeness in the n-norm is related to those 
in the derived (n — 1)-norm. A detailed theory of fuzzy normed linear space can be found in 
(1,3,4,5,6,9,11]. In [14], A. Narayanan and S. Vijayabalaji have extend n-normed linear space 
to fuzzy n-normed linear space. In section 2, we quote some basic definitions, and we show 
that a fuzzy n-norm is closely related to an ascending system of n-seminorms. In section 3, we 
introduce a locally convex topology in a fuzzy n-normed space. In section 4, we consider finite 
dimensional fuzzy n-normed linear spaces. In section 5, we give some fixed point theorem in 
fuzzy n— normed spaces. 
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§2. Fuzzy n-norms and ascending families of n-seminorms 


Let n be a positive integer, and let X be a real vector space of dimension at least n. We recall 
the definitions of an n-seminorm and a fuzzy n-norm [14]. 


Definition 2.1 A function (#1, 2%2,...,2n) + ||a1,...,2n]|| from X” to [0,co) is called an 


n-seminorm on X if it has the following four properties: 


(S1) ||a1,22,-..,Xn|| = 0 if a1, 22,...,Un are linearly dependent; 
(S2) ||a1,22,-..,Xn|| ts invariant under any permutation of 11, %2,...,Un; 
(S3) |la1,...,;@n—1, C&n|| = |elllai,,---,@n—1, 2n|| for any real c; 
(S4) |lai,---,2n—-1,y + Z| < |l@i,---, @n—1, yl] + lar, ---, @n—1, 2||- 
An n-seminorm is called a n-norm if ||a1,22,...,2n|| > O whenever x1, 22,...,Un are 


linearly independent. 


Definition 2.1 A fuzzy subset N of X” x R is called a fuzzy n-norm on X if and only if : 
(F1) For allt <0, N(a1,22,...,2n,t) = 0; 

(F2) For allt > 0, N(a1,2%2,...,2n,t) =1 if and only if x1, 22,...,2n are linearly dependent; 
(F3) N(a1,%2,...,Xn,t) ts invariant under any permutation of 11, %2,...,Un; 


(F4) For allt >0 andceE R, c £0, 


N(a1,¥2,-.-,C&n,t) = N(a1, @2,.-.,%n,— 


(F5) For all s,t ER, 
N(a1,---;%n-1,y + 2,8 +t) > min{N(a1,...,¢n-1,y,8), N(@1,.--,2n-12,t)}. 


(F6) N(a1,%2,...,;%n,t) is a non-decreasing function of t € R and 


lim N(a1,%2,...,%n,t) =1. 


t—-00 


The following two theorems clarify the relationship between Definitions 2,1 and 2.2. 


Theorem 2.1 Let N be a fuzzy n-norm on X. As in [14] define for x1, 22,...,2n € X and 
oe (0/1) 
v1, %2,..-,2nllo := inf {t: N(w1,22,...,¢n,t) > a}. (1) 


Then the following statements hold. 


(A1) For every a € (0,1), |le,e,...,¢l|q is an n-seminorm on X; 
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(A2) If0<a<B<1 and a,...,%, € X then 
lea; 22, aay Delle < \|z1, TQ,-+-- Meals 
(A8) If 1, 22,...,%n € X are linearly independent then 
lim v1, 22,.--,2nlla =O. 
Proof (A1) and (A2) are shown in [14, Theorem 3.4]. Let 71, 2%2,...,@%n € X be linearly 


independent, and t > 0 be given. We set 6 := N(a1,%2,...,%n,t). It follows from (F2) that 
@ € [0,1). Then (F6) shows that, for a € (6,1), 


v1, %2,---,Unla St. 


This proves (A3). 


We now prove a converse of Theorem 2.1. 


Theorem 2.2 Suppose we are given a family |le,e,...,¢||a, a € (0,1), of n-seminorms on X 
with properties (A2) and (A8). We define 


N(a1,%2,..-,%n,t) = inf{a € (0,1) : ||v1, 22,..., ¢n|la = th. (2) 
where the infimum of the empty set is understood as 1. Then N is a fuzzy n-norm on X. 


Proof (F1) holds because the values of an n-seminorm are nonnegative. 


(F2): Lett > 0. Ifai,...,2@n are linearly dependent then N(a1,...,2n,t) = 1 follows from 
property (S1) of an n-seminorm. If x#1,..., 2p are linearly independent then N(21,...,@n,t) <1 
follows from (A3). 

(F3) is a consequence of property (S2) of an n-seminorm. 

(F'4) is a consequence of property (S3) of an n-seminorm. 

(F5): Let a € (0,1) satisfy 


a<min{N(a1,...,¢n—1,y,8),N(a1,..-,%n-1, Z,8)}. (3) 
It follows that ||a1,...,@n—1, ylla < $ and ||71,...,%n-1, 2Z|la < t. Then (S4) gives 
lv1,---52n—-1,¥+2lla <st+t. 


Using (A2) we find N(a1,...,%n-1, y+2,5+t) > a and, since a is arbitrary in (3), (F5) follows. 
(F6): Definition 2.2 shows that N is non-decreasing in t. Moreover, limyo N(a1,...,;%n,t) = 


1 because seminorms have finite values. 


It is easy to see that Theorems 2.1 and 2.2 establish a one-to-one correspondence between 
fuzzy n-norms with the additional property that the function t ++ N(a1,...,%n,t) is left- 
continuous for all 21, 22,...,2%, and families of n-seminorms with properties (A2), (A3) and 


the additional property that a> ||r1,...,2@n||a is left-continuous for all 21, 22,..., an. 
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Example 2.3((14,Example 3.3] Let |le,e,...,¢|| be an-norm on X. Define N(x, 22,...,2n,t) 
= 0 if t <0 and, for t > 0, 


N( 1) : 
U1, 42,.-.,Ln,t) = ————____ 
ers : t+ ||21,%8;-+-5 2p 
Then the seminorms (2.1) are given by 
a 
lea 2, talle = Polley asta 


§3. The locally convex topology generated by a fuzzy n-norm 


In this section (X,N) is a fuzzy n-normed space, that is, X is real vector space and N is 
fuzzy n-norm on X. We form the family of n-seminorms ||e,e,...,¢||4, @ € (0,1), according to 
Theorem 2.1. This family generates a family F of seminorms 


|71,---;%n—1,¢l]a, Where x1,...,%p—1 € X anda é (0,1). 


The family F generates a locally convex topology on X; see [15, Def. (37.9)], that is, a basis of 
neighborhoods at the origin is given by 


{xe X : p(x) < e fori =1,2,...,n}, 


where p; € F and e; > 0 fori =1,2...,n. We call this the locally convex topology generated 
by the fuzzy n-norm N. 


Theorem 3.1 The locally convex topology generated by a fuzzy n-norm is Hausdorff. 


Proof Given x € X, x #0, choose 21,...,%n—1 € X such that 71,...,%p_1, x are linearly 
independent. By Theorem 2.1(A3) we find a € (0,1) such that |Jai,...,¢n-1,2||. > 0. The 
desired statement follows; see [15, Theorem 37.21]. 


Some topological notions can be expressed directly in terms of the fuzzy-norm N. For 
instance, we have the following result on convergence of sequences. We remark that the defi- 
nition of convergence of sequences in a fuzzy n-normed space as given in [20, Definition 2.2] is 


meaningless. 


Theorem 3.2 Let {xx} be a sequence in X anda € X. Then {x,} converges to x in the locally 
convex topology generated by N if and only if 
lim N(aq,...,@n—-1,%% — @,t) =1 (4) 


k—oo 


for all ay,...,@n-1 € X and allt > 0. 


Proof Suppose that {x;,} converges to x in (X,N). Then, for every a € (0,1) and all 
a1, 42,...,Qn—1 € X, there is K such that, for all k > K, |la1,a2,...,@n—1, 2% — 2lla < €. The 
latter implies 


N (a1, @2,.--,;@n—-1, 0k — @,€) >a. 
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Since a € (0,1) and € > 0 are arbitrary we see that (4) holds. The converse is shown in a 


similar way. 


In a similar way we obtain the following theorem. 


Theorem 3.3 Let {x,} be a sequence in X. Then {xy} is a Cauchy sequence in the locally 
convex topology generated by N if and only if 


lim N(a1,..-,@n—-1,2k —&@m,t) =1 (5) 


k,m—oo 


for all ay,...,@n—1 € X and allt > 0. 


It should be noted that the locally convex topology generated by a fuzzy n-norm is not 
metrizable, in general. Therefore, in many cases it will be necessary to consider nets {z;} in 


place of sequences. Of course, Theorems 3.2 and 3.3 generalize in an obvious way to nets. 


§4. Fuzzy n-norms on finite dimensional spaces 


In this section (X, N) is a fuzzy n-normed space and X has finite dimension at least n. Since 
the locally convex topology generated by N is Hausdorff by Theorem 3.1 Tihonov’s theorem 
[15, Theorem 23.1] implies that this locally convex topology is the only one on X. Therefore, 
all fuzzy n-norms on X are equivalent in the sense that they generate the same locally convex 
topology. 

In the rest of this section we will give a direct proof of this fact (without using Tihonov’s 
theorem). We will set X = R¢ with d > n. 


Lemma 4.1 Every n-seminorm on X = R® is continuous as a function on X" with the 


euclidian topology. 


Proof For every j = 1,2,...,n, let {x;,,}7., be a sequence in X converging to x; € X. 
Therefore, jim \|v;,% — £;|| = 0, where ||z|| denotes the euclidian norm of x. From property 
—> CO 


(S4) of an n-seminorm we get 
|||U1 4, V2.4; Ses Zn, kll a lar, L2,k) ees 8 2n,kll | < |v1,% — 1, Z2,k) erate ,2n,kll- 


Expressing every vector in the standard basis of R@ we see that there is a constant M such that 


ly, Y25--+5 Ynll <M lyill.--llynll for all y; € X. 
Therefore, 
lim ||@1,4—%1, Va,4,---, Ln,n|| =O 
k—o0o 
and so 
lim |||t1,.4, %2,4,--+5 Un,kll — [|21, 2,K,---, Ln,wl|| = 0. 
k—oo 


We continue this procedure until we reach 


lim ||1,4, %2,4,---; nel] = ||v1, V2,---, Lnll- 
k-00 
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Lemma 4.2 Let (R%, N) be a fuzzy n-normed space. Then ||x1,22,..-,%n||,, is an n-norm if 
a € (0,1) is sufficiently close to 1. 


Proof We consider the compact set 
S= { (x1, £Q,+-+, In) ER: 21, x2,..., Lp is an orthonormal system in R*} : 
For each a € (0,1) consider the set 
Sa = {(€1, @2,...,2n) € S': ||a1, 02,...,2n||,, > OF. 


By Lemma 4.1, Sq is an open subset of S$. We now show that 


S = U Ses (6) 
a€(0,1) 
If (a1, 2,..-, Un) € S then (a1, x2,..., Ln) is linearly independent and therefore there is 
B such that N(1,%2,...,%n,1) < 6 <1. This implies that ||z1, x2,..., Ln||g = 1 so (6) is 
proved. By compactness of S, we find a1, @2, ..., Q@m such that 
m 
SSW Sin 
w=1 
Let a= max{a1, a2, ..., Gm}. Then ||z1, v2,..., tpl, > 0 for every (a1, @2,..., In) € S. 
Let 21, %2,..., 2, € X be linearly independent. Construct an orthonormal system 
€1, €2,---,; €n from 21, X2,..., Lp by the Gram-Schmidt method. Then there is c > 0 such 
that 
lPittiy arg Wall —elete Coeeny calle oO: 


This proves the lemma. 


Theorem 4.1 Let N be a fuzzy n-norm on R¢, and let {xz} be a sequence in R¢ and x € R¢. 


(a) {x,} converges to x with respect to N if and only if {xz} converges to x in the euclidian 
topology. 
(b) {ap} is a Cauchy sequence with respect to N if and only if {xp} is a Cauchy sequence 


in the euclidian metric. 


Proof (a) Suppose {x,} converges to x with respect to euclidian topology. Let a1, a2,...,@n—1 € 
X. By Lemma 4.1, for every a € (0,1), 


lim lai, a2,--+, An—-1; Ly || 4 = 0. 
k-00 


By definition of convergence in (IR¢, NV), we get that {2;,} converges to x in (R?, N). Conversely, 
suppose that {x;,} converges to x in (R?,N). By Lemma 4.2, there is a € (0,1) such that 
v1, Y2,---,Ynll, is an n-norm. By definition, {x,} converges to x in the n-normed space 
(R¢,||-||,,). It is known from[8, Proposition 3.1] that this implies that {2} converges to x with 
respect to euclidian topology. 


(b) is proved in a similar way. 
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Theorem 4.2 A finite dimensional fuzzy n-normed space (X,N) is complete. 


Proof This follows directly from Theorem 3.4. 


§5. Some fixed point theorem in fuzzy n— normed spaces 
In this section we prove some fixed point theorems. 


Definition 5.1 A sequence a {xz} in a fuzzy n-normed space (X,N) is said to be fuzzy n- 


convergent to «* € X and denoted by x, ~» x* ask — co if 


lim N(a1,-++ ,&n—1,%, — 2", t) =1 
k—0o 
for every 1,++* ,&%—1 € X and x* is called the fuzzy n-limit of {xp}. 


Remark 5.1 It is noted that if (X,N) is a fuzzy n-normed space then the fuzzy n-limit of a 


fuzzy n-convergent sequence is unique. Indeed, if {x} is a fuzzy n-convergent sequence and 


suppose it converges to «* and y* in X. Then by definition jim N(a1,°°+ ,@n-1, 0% —2*,t) = 1 
— 00 
and Jim N(a1,°++ ,%n—-1, Uk — y*,t) = 1 for every 7,---,%,-1 € X and for every t > 0. By 
00 


(N5), we have 
N(a1,-°- tye yt) = N(z,-°- Mase — a, +0, —y",t/2+t/2) 
2 min{N(21,- ae inaise. = ip,t/2),N (aay* 78 5 &n—1, 0k — y",t/2)}. 


* 


By letting k > co, we obtain N(a#1,--- ,@n—1,2* — y*,t) = 1, which implies that 2* = y*. 


Definition 5.2 A sequence {xx} in a fuzzy n-normed space (X, N) is said to be fuzzy n-Cauchy 


sequence if 


lim N(a1,..-,%n—1,2k —@m,t) =1 
k,m— oo 
for every %1,°++,%,-1 © X and for every t > 0. 


Proposition 5.1 In a fuzzy n-normed space (X,N), every fuzzy n-convergent sequence is a 
fuzzy n-Cauchy sequence. 


Proof Let {x,} be a fuzzy n-convergent sequence in X converging to v* € X. Then 
lim N(a1,-++ ,&@p—1,@,_ — 2*,t) = 1 for every 21,--- , 2,1 € X and for every t > 0. By (N5), 


k—00 
N(@1,°++ 5 2n-1,Lk — Lm, t) 
= N(a1,-++ ,Un—1, 2p — @* +2* — ap, t/2+t/2) 
> min{N(a1,--+ ,&n—1, tp — @*,t/2), N(a1,-++ ,&n—-1, 2" — Um, t/2)}. 


By letting n,m — oo, we get, 


lim N(a1,-++ ,&n—1,%- —&m,t) =1 


k,m—oo 


for every %1,°-+ ,&%p—1 € X and for every t > 0, i.e., {x} is a fuzzy n-Cauchy sequence. 
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If every fuzzy n-Cauchy sequence in X converges to an 2* € X, then (X,N) is called 
a complete fuzzy n-normed space. A complete fuzzy n-normed space is then called a fuzzy 
n-Banach space. 


Theorem 5.1 Let (X,N) be a fuzzy n-normed space. Let f : X — X be a map satisfies the 
condition: 


There exists a A € (0,1) such that for all x,x71,--+ ,&n—-1 © X and for allt > 0,one has 
N(21,-++ ,@n—1,%,t) >1—t = N(a1,-++ ,@n—1, f(x), At) > 1 At. (7) 
Then 
(i) For any real number € > 0 there exists ko(e) € N such that f*(x) ~ 0. 
(tt) f has at most a fixed point, that is the null vector of X. Moreover, if f is a linear mapping, 
f has exactly one fixed point. 
Proof (i) Note that if f satisfies the condition (1), then for every € € (0,1), there exists a 
ko = ko(e) such that, for all k > ko, and for every v,21,-++ ,Um—1 € X 
N(a1,-+* :@n-1, f*(z);€) > 1 —e 
holds. Indeed, one has easily that 
N(a@1,°++ ,%-1,%,1 +6) >1-(1+e). 
Then by condition (1), for all v,21,--- ,@-1€ X andk 31, 
N(21,°+* ;@n—1, f"(2), ° (1 +6) > 1-1 +6) 


holds. Indeed, for each € > 0 there exists a k = ko implies that X\"(1 + €) < e€, from which, 
because of condition (N6), there exists a ko € N such that for k > ko, 


N(a1,°°° Xn—1, f* (2), €) 


Since ¢ is an arbitrary, we have f*(x) ~~» @ as required. 
(ii) Assume that f(x) = x. By applying part (i), for all « € (0,1) one has 


N(@1,°++ ,@n-1,2,€) >1—€ 
for every %1,°+: ,%,—1 € X. This implies that 


N(a1,--- Cacigt 0+) =1 


for every %1,°++ ,@p_-1 € X, ie, c= 9. 
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Lemma 5.1 Let {x,} be a sequence in a fuzzy n-normed space (X,M). If for every t > 0, 
there exists a constant  € (0,1) such that 


N(a1,...,%n-1,0k — £41, ¢) > N(a1,...,€n—1, Ge—-1 — EK, t/A) (8) 
for all x1,-++ ,&n-1 © X, then {xx} is a fuzzy n-Cauchy sequence in X. 


Proof Let t > 0 and X € (0,1). Then for m > k, by using (N5) and the inequality (1), we 
have 


N(a1, see > Un—1, Uk — Lm, t) 
2 MINN Pisa aig Wem Beha, (LS AM); 
N(a1,.--,;%n—1,€k+1 — Lm, At)} 
1—A)t 
2 mim Gis iwte- to C1; VN ), 
INA On an Mie Cet Ne) 
Also, 
IVD) We lies hy eel ee AE) 
2 min{N(21,...,@n—1,lk+1 — Fe+2,(1—A)At), 
N(a1,.--;Un—1,;£k42 — Lm, *t)} 
1—A)t 
2 TON (ar sate 1, to eis dM ), 
N(a1,.+.,2n—1, 2k42 — Bm, A*t)} 
By repeating these argument, we get 
N(a1, + e+ Un—-1, Uk — Lm, t) 
1— jt 
Zo mM NN DiperyPeeG Ay cea 
N(a1, veeyUn—-1,Um—-1 — Um, aes 
1— jt 
2 min{N(2,...,%n—1,20— 41, BU ), 


t 
N(a1, -++y>Un—-1,%0 — V1, jes 


Since (1 — A) < > and the property (F6), we conclude that 


1—A)t 
N(a1,..-;Un—1,0k — &m,t) > N(a1,...,%n-1,%0 — ©1, GaN) 
Therefore, by letting m > k — oo, we get 


lim N(a1,-++ ,&n—1,%b —@m,t) =1 


k,m—oo 
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for every %1,°-+ ,&%p—1 € X and for every t > 0, i.e., {x} is a fuzzy n-Cauchy sequence. 


Definition 5.3. A pair of maps (f,g) is called weakly compatible pair if they commute at 


coincidence point, t.e., fx = gx implies fgx = gfx. 


Theorem 5.2 Let (X,M) be a fuzzy n-normed space and let f,g: X + X satisfy the following 


conditions: 
(i) F(X) € go(X); 
(tt) any one f(X) or g(X) is complete; 


(iti) NS Soke ,tn—1; f(2)—f(y), 2) 2 N(x, Sete »tn—1,9(x)—gly), t/A), for allx,y,%1, met In-1 © 
X,t>0,r€ (0,1). 


Then f and g have a unique common fixed point provided f and g are weakly compatible 
on X. 


Proof Let 29 € X. By condition (i), we can find x; € X such that f(ao) = g(a) = 1. 
By induction, we can define a sequence y, in X such that 


Yeti = f (re) = g(@r41), 


n = 0,1,2,---. We consider two cases: 
Case I: If y, = yr+i for some r € N, then 


Yr = f(@r—-1) = f(r) = G(@r) = G(r41) = Yrti = 2 


for some z € X. Since f(x,) = g(x,) and f,g are weakly compatible, we have f(z) = fg(r,-) = 


gf (ar) = g(z). By condition (iii), for all x1,--- ,a,-1 € X and for all t > 0, we have 
N (@is*** ptpsis F(Z) 238) = IN Lick gt asf 2 — Fe) ) 
2 N(a1,-°: ,€n—1,9(2) — g(r), t/A) 
> +++ > N(a1,-++ ,@n-1,.9(2) — g(ar), t/*). 


Clearly, the righthand side of the inequality approaches 1 as k — co for every 71,...,®@,-1 € X 
and t > 0. Hence, N(a1,--: ,%n—1, f(z) — z,t) = 1. This implies that f(z) = z = g(z), ie., z 
is a common fixed point of f and g. 

Case II yx 4 yr+i, for each k = 0,1,2,---. Then, by condition (ii) again, we have 


N(1,°+* »En—1, Ye — Yetist) = N(x1,-++ ,2n—-1,9(@k) — 9(ee41), t) 
= N(21,--- ,%n-1, f(ee-1) — (ex), t) 
> N(2x1,-++ ,%n—1,9(Le-1) — 9(tK), t/A) 
= N(21,-++ ,€n—1, Ye—1 — Yrs t) 
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Then, by Lemma 5.1, {y,} is a Cauchy sequence (with respect to fuzzy n-norm) in X. Since 
g(X) is complete, there exists w € g(X) such that 


jim Yk = im _g(ve) =w. 


—> CO 


Also, since w € g(X), we can find a p € X such that g(p) = w. Note that 
w = g(p) = lim g(a.) = jim f(ax). 
Thus, by (iii), we have 


N(@1,°°+ ,@n-1,f(P) — g(p),t) = lim N(a1,--+ ,tn—-1, f(p) — F(a), 4) 
2 im N(a1,-++ | en—-1,9(P) — 9(ex),t/) 
= N(#1,-++ ,2n-1,9(p) — w,t/A) 
= N(a,--+,¢n-1,w—w,t/d), 
which implies that w = f(p) = g(p) is a common fixed point of f and g. Furthermore, f and g 
are weakly compatible maps, we have 


f(w) = fo(w) = gf (w) = g(v). 


But than, by (iii), 


N(a1,+++ ,2n-1,f(w)—w,t) = N(a1,-++ ,2n-1, fw) — f(p),t) 
N(a1,°++ ,&n—1,9(w) — g(p),t/A) 

= N(x1,--- ,n-1,f(w) — f(p),t/A) 

++ > N(a1,+++ ,2n—1, 9(w) — g(p),t/d*). 


IV 


IV 


Clearly, the expression on the righthand side approaches 1 as k — co for every 71,...,%n,-1 € X 
and t > 0, which implies that f(w) = w. Therefore, w is a common fixed point of f and g. The 


uniqueness of fixed point is immediate from condition (iii). 
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Abstract: In the present paper, the following result of Ramanujan [2] is shown to be 
contained as special case of a matrix identity in two parameters [3]: Ifa, 6, c, dare real 


numbers such that ad — bc = 0, then 


(atb4+c?+(b+ec4+d)? 4+ (a—-d)’ = (c+d+a)? + (d+a+ db) + (b—-)’. 


(a+ bey 4b teed) + (@— a) = (oe +a) ee ta PY += 


Combinatorial properties of the two pairs of Brahmagupta polynomials defined by the matrix 


identities in one and two parameters are also described. 


Key Words: Results of Ramanujan, matrix identity, Brahmagupta polynomials, combi- 


natorial properties. 


AMS(2000): 01A32, 11B37, 11B39 


§1. Introduction 


E.R. Suryanarayan [4] has described the following matrix identity: 


n 


In Yn vc Y 
7 (1) 
CYn Ln ty 2 
with z = 1, y = 0, n=0,1,2,---. The identity (1) is the starting point to define a pair 


of homogeneous polynomials {2,,(z, y;t), Yn(x, y;t)} of degree n in two real variables x, y and a 
real parameter t 4 0 such that 2? — ty? 4 0 called Brahmagupta Polynomials. An extensive 
list of properties of Brahmagupta polynomials is given in [4]. 

R.Rangarajan, Rangaswamy and E.R. Suryanarayan [3] have extended the matrix identity 
(1) in the following way: Let B‘:*) denote the set of matrices of the form 


p=|" 7? (2) 


ty x+sy 
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where ¢ and s are two parameters and x and y are two real variables subjected to the condition 
that v7 + sxy—ty? # 0. Define B to be the extended matrix in two parameters. It is easy 
to check that in B&:*) the commutative law for multiplication holds. As a result,the following 
extended matrix identity in two parameters holds: 


n 


x ¥y Lal L, Y, 8b) Yn(Z, Y, 8, t) (3) 
ty u+ sy tyn (2x, y, 8, t) Ln(x, y, 8, t) + syn (x,y, 8, t) 
It is very interesting to note that, if s = t= y = 1 and x = 0, then (3) takes the form: 
0 1 Hea, 2s 
= (4) 
11 Be a 


where F,, is the n*” Fibonacci number 


F,=—> 


1+v5\" (1-v5\" 
(") -(5")| 
The extended matrix identity (3) defines the pair (x,(a,y,8,t) , Yn(x,y, 8, t)) of Brahmagupta 
polynomials in two parameters. An extensive list of properties of Brahmagupta polynomials in 
two parameters is given in [3]. 
In [1] an innovative matrix identity wherein each matrix has a determinant of the form 
x? + y? + z? is proposed to view Ramanujan result in the power 2. But the identity does not 


work in the power 4. However, the paper provided us a good motivation to seek an appropriate 


matrix identity in two parameters to view both the results of Ramanujan. 


§2. A pair of results of Ramanujan 


One of the remarkable results of Ramanujan, appearing on the page 385 of his note books [2] 
is stated as follows: If a,b,c,d are real numbers such that ad = bc, then 


(a+b+c)?+(b+c+d)? +(a—d)? = (c+d+a)? + (d+a+5)? + (b—c) (5) 


(a+b+c)* + (b+c+d)*+(a—d)* = (c+d+a)*+(d+a+5)*+ (6-—c)* (6) 


For example, if a = 6,b = 3,c = 2 and d = 1, then 117 + 6? + 5? = 9? + 10? + 1? and 
1144+ 64 +54 = 944 104+ 14. Writing 


m=at+b4+ceo, y=b+c4+d, 31 =c+d+a, wy=d+a+b 
the results (5) and (6) become 
ai ty? +(e —y1)? = 27 + ww? + (21 — wi)? (7) 


aityt t+ (a1 —y1)* = 2p t+ wt + (a1 — w1)* (8) 
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where 21, y1, 21, W1 are real numbers such that x7 + y? — x1y1 = 2? + w? - 211. 
It is straightforward to workout 


1 2 1 1 
a= 3 Ly 3 yi 3 zit 3 wi, 
b= 1 xy 1 Y1 2 Z1 | 1 W1 
3 3 3 3 : 
1 1 al 2 
c= 3 Ly 3 yi 3 zy 3 w1, 
$So2 ee ae a 
3 3 3 3 


and hence ad = bc is equivalent to 
2 2 2 2 
e+ yy — ty. = 2p + Wy 211. 


Now, it is very easy to verify the Ramanujan results because on expanding the last terms and 
simplifying both the sides of (7) and (8) one obtains: 


(at + yf? — e1y1) = 2(z7 + w? — 211) (9) 


(ai t+ yj — e1y1)? = Aez{ + wt — aw)? (10) 
By varying the choices for a,b, c,d one obtains infinitely many solutions of (5) and (6). 
The main purpose of this paper is to generate infinite quadruple sequences of solutions {2n, Yn, Zn; Wn},n = 
1,2,3,--- to (7) and (8) starting from just one set {x1, yi, 21, wi} of positive integers such that 
x2 + y? — anYn = 22 + w2 — ZnWn # 0, using a suitable extended matrix in two parameters (2) 
wherein each matrix has a determinant of the form 


1 
ai t+y{— sy = 5 ("1 + y? + (#1 -1)”). 


This new idea enables us to construct a pair of two variable homogeneous polynomials of degree 
n which are useful to evaluate {2n, Yn, Zn, Wn},n = 1,2,3,---. 


The required extended matrix identity in two parameters: In order to achieve our 
objective, we shall consider the set of all the matrices appearing in the identity (3) with s = 
t=-1: 


v y 
A(z,y) = (11) 

~yY ry 
where x and y are any two real numbers such that x? + y? — ry £0. Clearly A(x, y) € GL2(R) 
, general linear group of all 2 by 2 invertible matrices. Let A(,,,) be the set of all matrices of 
the form (11) where x and y are any two real numbers such that x? + y? — ry 4 0. 
Let A(x1,y1) and A(a2, y2) be any two matrices in A(,,,). Then we shall show that A(x3, y3) = 
A(x1, y1)A(#2, yz) is also in Avg y). 


xy Y1 x2 Y2 


“YM M1 Yi —y2 %2— Y2 
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(x1 22 — yiy2) (x1y2 + yite — yiy2) 
—(a1yot+ yite— yiy2) (12 — yry2) — (f1y2 + yr v2 — yry2) 


where v3 = %12%2—y1y2 and ys = (@1y2+yi%2—yiy2) are again real numbers and x3 +y3—23y3 = 
(x? + y? — x1y1)(x3 + y2 — xoy2) # 0. Moreover, 


A(x, yi )A(a2, y2) i A(2, y2)A(r1, yi). 


Hence A,,,,) is acommutative matrix subgroup of G(R). In this matrix subgroup, Ramanujan 
result deduced in (9) and (10) can be restated as follows: 


2det|A(x1,y1)| =2 det{A(z1, w1)| (12) 

2{det[A(a1, y1)]}* =2 {det[A(21, w1)]}? (13) 

Now, the infinite quadruple solutions {2n, Yn, Zn, Wn},n = 1,2,3,--- can be computed as fol- 
lows: 

A(@n, Yn) = [A(@1, y1)]” (14) 

A(Zn,Wn) = [A(21,w1)]” (15) 


Using the standard theorem on product of determinants, it is straight forward to workout 
2 det[|A(an,Yyn)]| = 2 det[A(zn, wn)| (16) 


2 {det[A(an,yn)]}° =2 {det[A(zn, wn)]}” (17) 


In order to workout (14) and (15), we shall use the following eigen relations: 


n n 


x y 1 1 1 rtwy 0 we -1 
—y “-y w—w\y we 0 rtwy —w 1 
where w = e*2 is the cube root of unity. As a result, {@n, Yn, Zn, Wn},n = 1,2,3,--- have the 


following binet forms: 


w (a1 + wy)” + w(ay + wy)” 


1s 1 
x ae a (18) 
x, twy)” — (a, + w?y)” 
y= Sten ea (19) 
Ww — WwW 
ee —w? (zy + ww)” + otal + ww)” (20) 
Ww —wW 


— (a1 tww1)” — (41 + w?w1)” 


Ww — w? 


(21) 


n 


Also, it is interesting to workout the following binary recurrence relations for {@n, Yn, Zn, Wn}, Nn = 
1 Oia toad 


Engi = (241 —y1) Ln — (x? + ye —21y1) @-1,%0 = 1,4, =at+b+c (22) 


Yn41 = (221-91) Ym—- (Bi +y¥{—-21y1) Yn. Yo = 0,91 =b+e4+d (23) 


A Result of Ramanujan and Brahmagupta Polynomials Described by a Matrix Identity 61 


Zn41 = (221 -—wW1) Zn — (2? + w? — 211) Zn—-1,20 = 1,213 =c+d+a (24) 
Wn41 = (221 —w1) Wn — (22 + wi — 2101) wa_-1,W0 = 0,w1 =dt+at+b (25) 
where a,b,c,d are any four real numbers such that ad = bc. 


A pair of evaluating polynomials: The binet forms (18) — (21) define a Pair of Evaluating 
Polynomials,namely, P,,(x,y) and Q,(x,y) given by 


—w?(e + wy)" + w(0 + 0?y)" 


w —w? i 


P(x, y) = 


(a + wy)" = (a + wy)” 


5 (27) 


Qn(z, y) a 


wWw—-wW 


So that one can evaluate 
Pr(x1,y1) = In, Qn(X1, Yi) = 4Un, Py (21, W1) =n, Qn(z, w1) = Wn- 


It is also a quite convenient method for computing (Pr(x,y),Qn(x,y)) using the following 
extended matrix identity: 
n 


Pr(a,y) Qn(x,y) —f@ y 


—Qnl(z,y) Pr(z,y) — Qn(z,y) =4 B= y 


§3. Combinatorial properties of Brahmagupta Polynomials 
The Brahmagupta polynomials in one parameter exhibit the following combinatorial properties: 


Theorem 1((4]) The Brahmagupta polynomials in one parameter have the following binet 


forms : 
1 n n 
am = 5|(z + yvi” + (@ - yvi)"] 
(28) 
1 
n = sa[l@ + avd" - @ - wd") 
m = sql + wv” - (@ - wi) 
They satisfy the following three -term recurrences : 
tnt. = 2eHan — (x? — ty*)an_-1,% = 1% = 2 
+1 ( y°) 1 0 1 (29) 


Yntt = 2U yn — (2? — ty?) yn-1, y = 0, y1 = y 


The Brahmagupta polynomials in two parameters exhibit the following similar combina- 


torial properties: 
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Theorem 2((3]) (en + =n) and Yn have the following binet forms: 


(tn + £4n) = 4 (ew + Ay)” + (2 + A_y)”] 


(30) 
=. — TE = 2 5 n = n 
Yn = 2/2 /D4t [(z + A+y) (a + A_y) ] 
2 
where 4 = pee +t. 


2 
As a consequence, the Brahmagupta polynomials in two parameters satisfy the following three 


-term recurrences: 


In4+1 = (2a t SY)Ln (a? + SLY ty?) Mn-1,09 =1, 1 == 
(31) 


Yns1 = (20 + sy)yn — (a? + say — ty”) Yn—1, yo =O = y 


The first few Brahmagupta polynomials in two parameters are: 


to=1, v1 =2, 2 =27 4+ ty’, £3 = a2 + 3tay” + sty®, 


aq = 24 + Asta? y + 6tx7y? + stzy? + (t + s7)y4,---; 


yo =0, Wi =Y, yo = 2ry + sy”, ys = 3a7y + 3sxy” + (t+ 8”)y®, 


ys = 4x y + 6sx7y? + A(t + s”)axy? + 5(2t + 57)y4,---. 


In [4], as a consequence of Theorem 1. it is shown that Brahmagupta polynomials are polyno- 


mial solutions of t — Cauchy’s - Reimann equations: 


OI ae OE oa 
Ox Oy es 
(32) 
Oi ag OUR stp 
Oy Oy Ace 


As a further consequence, x, and y, are shown to satisfy the wave equation: 
0? 1 & 
— - -~7]/U=0. 33 
SS t sz) 2) 
The corresponding extended result is the following theorem : 


Theorem 3 The polynomials x,(x,y,8,t) and Yn(x,y, 8,t) satisfy the following second order 
linear partial differential equations : 


oO? s 0? 1 & 
(+i tm) paat (34) 
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Proof Partial differentiation of (30) yields, 


0 O O 


2 20x” Oy 2 
0 8 8 8 8s? 
By (t+ 5mm) =” E (%-1 + 5m) + a . ‘ mn] 
On _ 
Ox a 


So we may simplify the above as follows- 
Oly Ais 6) 7 6) 
Ox Ox Oy a 
OLn 5 OYn 


_ 8 9yn , 8 (_ 89m | On). (8, 4) Wyn _ 2m 
Oy 2 dy | 2 2dr dy) \4' Ox Ox 


They naturally lead to 


which is same as 


0? ig s- 40" 1 2? _0 
Ox? st Ox Oy t Oy? ore 
Also, the Partial differential equation for x, may be derived as follows- 


Oia 4 Ei Oe 
Ox t Oy Oy 


As a direct consequence, x, satisfies the following Partial differential equation- 


gO 5K, Oe IO 9G 
Ox? t OxOy t OY? ee 
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Abstract: In this paper, we study biharmonic slant helices in E®?. We give some charac- 
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terizations for biharmonic slant helices with Bishop frame in 
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§1. Introduction 


In 1964, J. Eells and J.H. Sampson introduced the notion of poly-harmonic maps as a natural 
generalization of harmonic maps [1]. 

Firstly, harmonic maps f : (M,g) —> (N,h) between Riemannian manifolds are the critical 
points of the energy 


B(N=5 flat? vy (1.4) 


and they are therefore the solutions of the corresponding Euler-Lagrange equation. This equa- 
tion is given by the vanishing of the tension field 


T (f) = traceVdf. (1.2) 
Secondly, as suggested by Eells and Sampson in [1], we can define the bienergy of a map f 
by 
1 
Ex(N=5 f IP ey (1.3) 
M 
and say that is biharmonic if it is a critical point of the bienergy. 


Jiang derived the first and the second variation formula for the bienergy in [3], showing 
that the Euler-Lagrange equation associated to EF is 


72 (f) =—J! (7 (f)) =—Ar (f) — traceR™ (df, 7 (f)) df =0 (1.4) 


where J/ is the Jacobi operator of f. The equation 72 (f) = 0 is called the biharmonic equation. 
Since Jf is linear, any harmonic map is biharmonic. Therefore, we are interested in proper 


biharmonic maps, that is non-harmonic biharmonic maps. 
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In this paper, we study biharmonic slant helices in E?. We give some characterizations for 
K3 


biharmonic slant helices with Bishop frame in 


§2 Preliminaries 


To meet the requirements in the next sections, here, the basic elements of the theory of curves 


zi 


in the space E? are briefly presented. 


The Euclidean 3-space E? provided with the standard flat metric given by 


(hs ) = da? + dxd + dz3, 


where (1, 22,73) is a rectangular coordinate system of E3. Recall that, the norm of an arbitrary 
K3 


vector a € E® is given by |la|| = ./(a,a). y is called a unit speed curve if velocity vector v of y 


satisfies ||a|| = 1. 


Denote by {T, N, B} the moving Frenet—Serret frame along the curve y in the space E°. 


For an arbitrary curve y with first and second curvature, « and 7 in the space E?, the following 
Frenet-Serret formulae is given 


T = «KN, 
N = -—«T+4+7B, 
B’ = -7N, 
where 
(T, T) = (N,N) 3 (B, B) =1, 
(T,N) = (T,B) =(N,B) =0. 


Here, curvature functions are defined by « = «(s) = ||'T(s)|| and 7(s) = —(N,B’). 

Torsion of the curve y is given by the aid of the mixed product 

es = (7; 1 Vf") 

In the rest of the paper, we suppose everywhere «(s) 4 0 and r(s) #0. 

The Bishop frame or parallel transport frame is an alternative approach to defining a 
moving frame that is well defined even when the curve has vanishing second derivative. One can 
express parallel transport of an orthonormal frame along a curve simply by parallel transporting 
each component of the frame. The tangent vector and any convenient arbitrary basis for the 


remainder of the frame are used. The Bishop frame is expressed as 
T’ = ki My + koMo, Mj = —ki T, M) = —koT. (2.1) 
Here, we shall call the set {T,M,,M,} as Bishop trihedra and k; and kz as Bishop 
curvatures. The relation matrix may be expressed as 
a head Bea 
N = cos0(s) Mj +sin@(s) Mo, 
B = —sin@ (s) Mj + cos@(s) Ma, 
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where 6 (s) = arctan rT. T(s) = 6 (s) and K(s) = \/k? +k. Here, Bishop curvatures are defined 
by 


ky = «(s)cos0(s), kz =«(s)sin@(s). 


On the other hand, we get 


By 
| 
= 


cos 6 (s) N — sin 6 (s) B, 
M2 = sind(s)N+cos6@(s)B. 


§3. Biharmonic curves in E 


Biharmonic equation for the curve y reduces to 
VT — R(T, VrT) T =0, (3.1) 


that is, y is called a biharmonic curve if it is a solution of the equation (3.1). 


Theorem 3.1 y: 1 — E® 


is a unit speed biharmonic curve if and only if 


ke+kz = C, 
ki —k3 —kik2 = 0, (3.2) 
kj —k3 —kok? = 0, 


where C' is non-zero constant of integration. 


Proof Using the bishop equations (2.1) and biharmonic equation (3.1), we obtain 


(—3k) ky — 3khk2)T + (ki — kB — ky k3)My 4+ (ky — k3 — kok?)M2 — R(T, VrT)T =0. (3.3) 


In E, the Riemannian curvature is zero, we have 


(—3k) ky — 3kgko)T + (ki — ko — ky k2)My + (kf — k3 — kok?)Mo = 0. (3.4) 


By (3.4), we see that y is a unit speed biharmonic curve if and only if 


—8kiky —3kikg = 0, 
ki ke —kiks = 0, (3.5) 
kj —k3 — kok? = 0. 


These, together with (3.5), complete the proof of the theorem. 


Corollary 3.2. y: 1 — E? is a unit speed biharmonic curve if and only if 
kth = C40, 
ki —Ck, = 0, (3.6) 


ki —Ch. = 0, 
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where C' is constant of integration. 


Theorem 3.3 Let y: I —> E® is a unit speed biharmonic curve, then 


kt (s) + 3 (s) =C, 


ky (s) = ceVEs + cge7¥ C8, (3.7) 
kg (s) = c3e¥ C8 + cio  ¥, 
where C’, c1, C2, C3, c4 are constants of integration. 
Proof Using (3.6), we have (3.7). 
Corollary 3.4 If c, = c3 and co = c4, then 
ky (8) = ka (s). (3.8) 


ES 


Definition 3.5 A regular curve 7: I —> E” is called a slant helix provided the unit vector My 


of the curve y has constant angle 0 with some fixed unit vector u, that is 
g(M; (s),u) = cos@ for all s € I. (3.9) 
The condition is not altered by reparametrization, so without loss of generality we may 


assume that slant helices have unit speed. The slant helices can be identified by a simple 


condition on natural curvatures. 


Theorem 3.6 Let 7: I — E® be a unit speed curve with non-zero natural curvatures. Then, 


y is a slant helia if and only of 


k 
—+ = constant. (3.10) 
ky 


Proof Differentiating (3.9) and by using the Bishop frame (2.1), we find 
g(VrMyi,u) = 9 (kT, u) = kig(T,u) =0. (3.11) 
From (3.9), we get 
g(T,u) =0. 
Again differentiating from the last equality, we obtain 
g (VrT, u) = @g (kiM, + koMbo, u) 


= kig(Mi,u) + kag (Me, u) 
= kycos0+kosind = 0. 
Using above equation, we get 
1 
ke 
The converse statement is trivial. This completes the proof. 


= — tan = constant. 
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Theorem 3.7 . Let y: I —> E® be a unit speed biharmonic slant helix with non-zero natural 


curvatures. Then, 


k, = constant and ke = constant. (3.12) 


Proof Suppose that y be a unit speed biharmonic slant helix. From (3.10) we have 
ky = oka. (3.13) 


where o is a constant. 
On the other hand, using first equation of (3.6), we obtain that kz is a constant. Similarly, 
k, is a constant. 


Hence, the proof is completed. 
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Abstract: This work addresses the methods to solve Very Large Scale Integration (VLSI) 
circuit partitioning problem with dual objectives, viz., 1. Minimizing the number of inter- 
connection between partitions, that is, the cut size of the circuit and 2. Balancing the area 
occupied by the partitions. In this work an efficient hybrid Genetic Algorithm (GA) incor- 
porating the Taguchi method as a local search mechanism has been developed to solve both 
bipartitioning and recursive partitioning problems in VLSI design process. The systematic 
reasoning ability of the Taguchi method incorporated after the crossover operation of GA, 
has improved the searching ability of GA. The proposed Hybrid Taguchi Genetic Algorithm 
(HTGA) has been tested with fifteen popular bench mark circuits of ISCAS 89 (Interna- 
tional Symposium on Circuit and Systems-89). The results of experiments conducted, have 
proved that HTGA is able to converge faster in reaching the nearer-to-optimal solutions. The 
performance of the proposed HTGA is compared with that of the standard GA and Tabu 
Search method reported in the literature. It is found that the proposed HTGA is superior 
and consistent both in terms of number of iterations required to reach nearer-to-optimal 


solution and also the solution quality. 


Key Words: VLSI, partitioning, genetic algorithm, Taguchi method, cut size, multi- 


partitioning. 


AMS(2000): 49535 


§1. Introduction 


During the Very Large Scale Integration (VLSI) design process, the complex circuit compris- 
ing of elements like gates, buffers, Input/Output ports which are inter connected by wires is 
divided into subsets, that is, modules [10,16] as the first step. This partitioning of the circuit 
into smaller modules is essential to reduce the problem complexity of the VLSI physical design 
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problem. Proper partitioning of a VLSI circuit will result in minimum total area occupied 
by all the elements of the circuit, and reduction in the total length of interconnecting wires 
between the elements, which will in turn minimize the power dissipation and time delay during 
its operation. To achieve these objectives of VLSI design problem, the complex VLSI circuit 
should be partitioned into smaller sub modules such that the number of wires passing between 
the elements of different modules is kept minimum. For a particular partition, the sum total of 
number of wires passing between the modules is known as cutsize of the partition. A partition 
with modules occupying equal area will largely help in the later part of the VLSI design process 
namely floorplanning, placement and routing. Hence, partitioning of VLSI circuit should be 
done in such a way that, all the modules occupy more or less equal area or in other words 
the uneven distribution of area among the modules, that is, imbalance in area should be kept 
minimum. Hence in this work, both these objectives (i) minimizing the cutsize and (ii) mini- 
mizing the area imbalance among the modules are considered for solving the VLSI partitioning 


problem. 


VLSI circuit partitioning is proved to be an intractable problem [14] and only satisfac- 
tory solutions to the different problem instances are being generated by designing suitable 
metaheuristic algorithms. In this research work, an attempt is made to design a suitable meta- 
heuristic algorithm capable of producing consistent solution with lesser number of iterations for 
a wider range of VLSI circuit problem. 


§2. Literature survey 


B.W.Kernighan and S.Lin proposed the group migration algorithm (KL algorithm) [12] for 
graph partitioning problem which through the years of use has been proved to be very efficient. 
However KL algorithm is designed only for bipartitioning the given circuit. C.M.Fiduccia 
and R.M.Mattheyses (FM) improved the KL algorithm by introducing an elegant bucket sort- 
ing technique [7]. However, FM algorithm was able to provide satisfactory solutions only for 
smaller to medium size problems and also only for bipartitioning the circuit. Later Cong.J 
(1994) developed k-way net based multi way partitioning algorithm to produce better quality 
solutions than the FM algorithm but only for smaller size problems. Mean time hMetis [24] and 
other Multilevel Clustering algorithms (MLC) were developed [8] based on the flat partitioning 
methodology with an aim of further minimizing the cutsize. Later, the Multilevel Partitioning 
algorithm (MLP) that is also based on the flat partitioning methodology, was developed by 
Jong-Sheng (2003) and its performance surpassed the result produced by hMetis and MLC in 
terms of minimal cutsize. However it is proved that flat multiway partitioning approach could 
produce better quality results for smaller size integrated circuits [17,18], and due to the space 
complexity (O(N.K (K-1)) where N denotes the number of cells) and poor flexibility, the ap- 
proach is less efficient with larger size integrated circuits. The method of recursive partitioning 
evolved by Aeribi.S [3] is found to be performing better than the flat partitioning methodol- 
ogy interms of solution quality but at the cost of additional computational load. Sadiq.M.Sait 
developed metaheuristic algorithms [16] based on Genetic Algorithm (GA) and Tabu search 
(TS) to address relatively larger size problems and with multiple objectives. In his work he has 
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proved that though GA is able to produce quality solutions for smaller size circuits and Tabu 
search outperforms GA in terms of both quality of the solution and execution time even for the 
larger circuits. 

In this work, with an emphasis on solution quality, research focus is retained to improve 
upon the recursive partitioning methodology, inspite of its heavy computational requirement 
compared to the flat partitioning methodology. Also to address the problem complexity of VLSI 
multi partitioning problem, which is NP-hard, an attempt is made to develop a metaheuristic 
algorithm based on the robust and versatile tool, GA. To overcome the inherent scalability issue 
with the GA, the Taguchi method, a robust design approach is incorporated in the genetic search 
process. 


§3. Problem formulation 


Any VLSI circuit consisting of more than one component or element (that is either a gate or flip 
flop or buffer) can be represented in the form of a hyper graph H(V, £). V = {v1, v2, v3 +++ Un} 
is the set of nodes representing the elements used in the circuit and E = {e1, €2,e3---en} is 
the set of edges representing all the required connections between the elements. The aim of the 
work is to split the given hyper graph into required number of partitions with minimum number 
of inter connections between the partitions (namely the cutsize) and also with minimal area 
imbalance between the modules, that is, the uneven distribution of area among the partitions. 
An attempt to minimize the number of interconnecting wires between two modules by placing 
the elements associated in the interconnectivity, together in one module will result in increase 
in area imbalance between the two modules, and vice versa. Hence in order to achieve the 
above said two contradicting objectives concurrently, the following combined objective function 
is constructed. 
The Combined Objective Function ( COF): 


COF = Minimize [(a1 * F,) + (a2 * F2)] (1) 


where, 

F, = Cutsize (given in (2)) 

Fy) = Area imbalance between the circuits (given in (3)) 
a, = Weightage factor assigned to the cutsize 

a2 = Weightage factor assigned to the area imbalance 
The function [23] for cutsize (F) is: 


(IQrl=1) IQrI 
F=S> | SS Cite? -2F Ta; (2) 
VreE i=l j=l 


where, 


Q,= Set of assignment variables for all non Input/Output components on net (edges) r 


12 r| 1s even 
pa} lf IQ 
0 otherwise 
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E = Set of edges 
C,;2 = Combinations of the set Q, taken i at a time 
x; = Set of nodes 


The function for area imbalance (F>2) is: 


Fy = Bi — Bo (3) 


where, 
G1 = maz { |P|: P is a partition } 
G2 = min { |P|: P is a partition } 


|P| = Number of elements in a partition 


§4. Proposed methodology 


A GA based heuristic namely Hybrid Taguchi Genetic Algorithm (HTGA) is proposed in this 
work, to solve the VLSI circuit partitioning problem with dual objectives of minimizing the 
cutsize and minimizing the area imbalance among the partitions. The proposed algorithm is 
tested with fifteen popular bench mark circuits of ISCAS89, and its performance is compared 
with that of the other metaheuristics reported in the literature. 


4.1 Genetic Algorithm 


Genetic algorithm operates on the principle of survival-of-the-fittest, where weak individuals die, 
while stronger ones survive and bear many offspring and breed children, which often inherit 
qualities that are, in many cases superior to their parent’s qualities [14]. GA begins with a 
population offspring (individuals- representing the design/decision variables) created randomly. 
Thereafter, each string in the population is evaluated to find its fitness value (that is, the 
objective function value of the given optimization problem). The operators Selection, Crossover 
and Mutation are used to create a new and better population. The new population is further 
evaluated for the fitness values and tested for termination. If the termination criteria are not 
met, the population is interactively operated by the above genetic operators and evaluated. 
One cycle of these genetic operations and the evaluation procedure is known as a generation in 


GA terminology. The generation cycle is continued until the termination criterion is met. 


4.2 Taguchi Method 


Taguchi method is a robust design approach, which uses many ideas from statistical experimen- 
tal design for evaluating and implementing improvements in products, processes and equipment 
[21,9]. The fundamental principle of Taguchi method is to improve the quality of a product by 
minimizing the effect of the causes of variation without eliminating the inevitable causes. 


The two major tools used in the Taguchi method are: 


1. Orthogonal arrays (OA) which are used to study many design parameters simultaneously, 
2. Signal-to-Noise Ratio (SNR) which measures quality. 
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For instance, let there be an optimization problem whose solution is influenced by, say 
seven factors and each of these factors can be at any of the two levels. If the objective is to find 
a suitable level for each factor to find an optimal solution, then the total number of possible 
experiments is 27 to find the optimal solution. An orthogonal array (OA), an example shown in 
Table 1, represents a set of recommended limited number of experiments, (eight for the example 
shown in Table 1, needed to find a suitable level for each factor to achieve an optimal solution 
at a faster rate. Thus, with the help of only these 8 experiments out of a total 2” possible 
experiments, the best solution can be found with each factor being at a suitable level. The 
orthogonal arrays are represented as L,,(a”~!), where n = 2” is the number of experimental 
runs, k is a positive integer, x is the number of levels for each factor and n — 1 is the number 
of columns in an orthogonal array. The example OA is shown in the Table 1, is of Lg(27) type. 

The second tool of Taguchi method, the SNR, is used to find which level is suitable for 
each factor; SNR calculation is discussed with an example in Section ??. In communication 
engineering parlance, the Signal to Noise Ratio means the measure of signal quality, which 
corresponds to the solution quality in Taguchi method. While conducting each experiment as 
per the orthogonal array, the objective function value is computed, and the effect of each of the 
two levels on each factor in contributing to the objective function value is computed. A level 
to a particular factor, which gives the maximum effect in contribution to the objective function 
value, is optimal for the concerned factor. As the effect is maximum for this level, it is said 
to have maximum influence or the maximum Signal to Noise Ratio (SNR) and so considered 
as optimal level for the factor. With the conduct of all the experiments as per the orthogonal 
array, the solution obtained with optimal level for each factor, is the optimum solution for the 


given optimization problem. 


4.3. Hybrid Taguchi Genetic Algorithm (HTGA) 


In the proposed Hybrid Taguchi Genetic Algorithm (HTGA) to solve the VLSI partitioning 
problem, the Taguchi method is embedded within GA, between the crossover and mutation op- 
erations, to improve all the solutions of the intermediate population obtained after the crossover 
operation and before subjected to the subsequent mutation operation. 

The proposed HTGA is designed to generate multi-partitioning solutions for larger size 
VLSI problems through the recursive approach, recomented by Areibi.S [3]. The adapted 
recursive approach applies bipartitioning recursively until the desired number of partition is 
obtained, which is illustrated in the example shown in Fig. 1, where a single VLSI circuit is 
recursively partitioned into eight partitions. 


-Ea 


2 partitions 4 partitions 8 partitions 


Figure 1: Recursive partitioning of a VLSI circuit 
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In HTGA, genotype representation is used to code a feasible solution as a chromosome 
[4,14]. The zeros and ones in a chromosome represents either of the two partitions they belong 
to. In case of multiple partitions through recursive partitioning, each of the divided chromo- 
somes representing each partition will have zeros and ones representing either of the two sub 
partitions. 

A bipartition solution of a VLSI circuit having components vj, v2, V3, U4, U5 and vg shown 
in the Fig. 2 is encoded as a solution chromosome as shown in Fig. 3. The digit one represents 


that the element is present in the partition P, otherwise in P». 


Pi 


P2 
V5 


Figure 2: A bipartitioning solution of the example VLSI circuit 


Figure 3: Chromosome representation of bipartition solution 


When the bipartition solution shown in Fig.3 is further partitioned through recursive 
method, that is, when P, is partitioned into Pi(qg) and P,(») and P» is partitioned into P»(q) 
and P24), a sample solution shown in Fig.4 is encoded as a solution chromosome as shown in 
Fig.5. 


Pray Pray 
Pi) Px) 


Figure 4: A recursive partitioning solution of the example VLSI circuit 


In the proposed HTGA, the random initial population of partitioning solutions is subjected 
to selection and crossover operations. The resultant intermediate population obtained through 


the cross over operations is fed to the local search mechanism, Taguchi method module of the 
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Figure 5: Chromosome representation of the solution with four partitions 


HTGA. This phase of the HTGA creates a new improved intermediate population of same size 
with each solution entirely different from the initial solutions of the intermediate population 
resulted out of crossover operation of GA. 

The algorithm shows the Taguchi phase in HTGA. 

Algorithm 

Encode the random initial population of solution 

Do while the termination criteria is not met 

Step 1: Perform Reproduction 
Step 2: Perform Crossover 
Step 3: Taguchi Method 
a: Select a suitable orthogonal array 
Do while the size of the population is reached 
Do while an improved solution is found 
Step b: Random selection of pair of chromosome. 
Step c: Calculate SNRs. 
Compute Effect of Factors. 
Select the optimal bit 
Step d: Construct new chromosome 
End Do 
End Do 
Step 4: Perform Mutation 

End Do 

Decode the best solution in the final population to get the optimal partition. 

In each iteration of this phase, a pair of chromosomes, say X and Y are selected at random 
from the intermediate population and a better chromosome Z is evolved by choosing each gene 
either from chromosome X (level 1) or from chromosome Y (level 2). The Taguchi method 
of producing a better chromosome Z from a randomly chosen two chromosomes X and Y is 
illustrated in Table 2. Selection of suitable level is done by conducting eight experiments as per 
the example orthogonal array, shown in Table 1. For each experiment the functional value which 
is COF of experimental chromosome is computed. As the problem is minimization problem, the 
signal to noise ratio, SNR (n;) for each experiment i is computed as a reciprocal of COF value 
of the experimental chromosome. Having calculated the SNR value for all the experiments, 
for each gene, the effect of choosing from level 1 (chromosome X) or level 2 (chromosome Y) 


chromosome is computed as equations 4 and 5. 


Efi = > SNR(m), when gene i is belongs to level 1 (4) 


i=l 
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n 
Ef2= S- SNR(nj), when gene i is belongs to level 2 (5) 
i=l 

The gene is selected from the level for which the effect of factor Ef; is maximum and the 
improved chromosome Z is thus constructed with all such selected genes in their respective 
positions. 

The above said iteration is repeated by selecting another pair of chromosomes from the 
intermediate population and a new chromosome is created. The procedure is repeated till the 
new intermediate population of required size is created. This improved intermediate population 
is fed to the subsequent mutation operator of generation cycle of GA. The generation cycle of 
HTGA is repeated till the termination criterion is met. 


§5. Results and discussions 


The proposed algorithm, HTGA was coded in C++ and experiments were conducted in an 
IBM Pentium D PC with 3.20 GHz Processor. The HTGA was tested with fifteen number of 
ISCAS89 (International Symposium of Circuit And Systems) benchmark circuits. The details 
of the benchmarks are shown in Table 3. To measure the effect of Taguchi method in the 
proposed HTGA, the performance of HTGA is compared with that of the standard template 
of GA, that is, a genetic algorithm without the hybridization of Taguchi method. To make the 
comparison on a common platform the standard GA is also coded in C++, run on the same 
machine and tested with the same benchmark circuits. 

In the proposed HTGA tournament selection is used for reproduction operation, Single cut 
point crossover is used in the crossover operation and Flap bit mutation is used for mutation 
operation. The parameters used in HTGA are as below. 


1. Population Size = 20 

2. Crossover probability (P.) = 0.6 

3. Mutation probability (Pm) = 0.01 

4. Termination Criterion = A predefined number of iterations for a given circuit or a 
predefined satisfactory COF value, whichever occurs first. 

5. Orthogonal array used in the Taguchi experimentation is Lg(2°). 


The best values for the individual parameters are fixed by conducting trials and on satis- 
factory performance. The crossover probability P. was varied from 0.4 to 0.9, and the GA is 
found able to converge faster with a crossover probability P. of value 0.6. Similarly the muta- 
tion probability P,, was varied between 0.001 to 0.1 and the GA with the mutation probability 
Py, of value 0.01 is found able to retain more number of better solution than worse solution at 
the end of GA cycle. 

For all the bench mark circuits taken in this work, the proposed algorithm HTGA is able 
to outperform the standard Genetic Algorithm both in bipartitioning application and so in 
recursive partitioning application, again both in terms of number of iterations required to reach 
a nearer-to-optimal solution and also in terms of the quality of the solution, that is the absolute 
value of COF’. The results of this comparative study between GA and HTGA in bipartitioning 
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and in recursive partitioning (four partitions) are shown in Tables 4 and 5 respectively. 

It can be seen from both Tables 4 and 5, that the CPU time taken by HTGA is higher 
compared to the standard GA for smaller circuit, which may be attributed to the additional 
computational load required because of the Taguchi method of HT'GA. However it can be also 
seen from these tables that, for larger circuits, the CPU time taken by HTGA is substantially 
lower than standard GA, which can be attributed to the efficiency of HTGA in reaching the 
solutions with lesser number of generation cycles. 

It is observed that because of the Taguchi method after the crossover operation, HTGA 
is able to converge at a faster rate than that of the standard GA, which is explained with a 
sample benchmark problem $832 in Fig.6. 


Performance comparision between GA and HSA 
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Figure 6: Convergence comparison between GA and HTGA for the benchmark problem $832 


For each of the fifteen ISCAS89 benchmark circuits the experiment is conducted with 
25 sets of different initial random populations, again with each initial random population the 
experiment is repeated 100 times to access the consistency rate of the solution produced by the 
proposed HTGA. The percentage consistency rate is computed as {( number of trials getting 
COF value within five percent of the best found COF value /total number of trials )*100}. 
The summary of the findings are shown in Table 6, which exhibit that the consistency rate of 
proposed HTGA is considerably higher than the normal GA. 

The performance of the HTGA is also compared with that of two meta heuristics, reported 
in the literature [16] viz (i). GA based heuristic, (ii). Tabu Search based heuristic. The cutsize 
obtained by these heuristic and the proposed HTGA is shown in Table 7. 

It can be seen from the Table 7, that though the GA based heuristic proposed in the 
literature [16] is effective in minimizing the cutsize for smaller benchmark circuits, the Tabu 
Search based heuristic given in the literature is able to outperform the GA for larger benchmark 
circuits. The proposed HTGA overcomes this issue and produces lesser cutsize for all the 
benchmark circuits except $386 and $5378. For these two circuits cutsize produced by HTGA 
is marginally higher than the Tabu Search based meta heuristics but lower than GA based 
heuristics. The effectiveness of HT'GA in producing better quality solutions could be attributed 
to the systematic reasoning ability of the Taguchi method, which is built in the proposed HTGA. 
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Again the proposed HT'GA may be made to surpass the performance of TS for the circuits 5386 
and $5378 by designing an improved OA even with more than 2 levels, (if required), which is 
a part of the scope for future work. 

As the hMetis [24] algorithm, and other algorithms such as MLP, MLC mentioned in the 
literature in section 2 are suited for only flat partitioning [3] and are capable of producing 
solutions even for very large size problems with appreciably lesser time with the objective of 
producing solution with satisfactory quality level, the run time of hMetis, MLP, MLC cannot 
be compared with that of the proposed HTGA, which uses recursive partitioning methodology 
and whose solution quality is expected to be much higher than that of the flat partitioning 
methodology [3,17-18]. 

Due to the recursive nature and a larger number of computations involved in OA, HTGA 
needs more computational time for larger scale benchmarks. However this issue could be ad- 
dressed by constructing dedicated OA with more number of factors. And grouping of higher 
cardinality edges in a particular partition (P;) instead of doing random initial population gen- 


eration, which is again the scope for future work. 


§6. Conclusion 


In this work, an attempt is made to solve the VLSI circuit partitioning problem with an objective 
of minimizing the cutsize, that is, the number of wires passing between the partitions and also 
balancing the area between the partitions. An efficient hybrid Genetic Algorithm incorporating 
Taguchi method as a local search mechanism, named as, Hybrid Taguchi Genetic Algorithm 
(HTGA) has been developed to solve both the bipartitioning and recursive partitioning problem 
in the VLSI design process. The proposed HTGA is tested with a wide range of ISCAS89 
benchmark circuits and its performance is compared with that of a standard GA (without the 
use of Taguchi as a local search tool) and it is found that HTGA out performs the standard 
GA both in terms of solution quality and the number of iterations required for reaching the 
nearer-to-optimal solution, due to the systematic reasoning ability of the Taguchi method. The 
experimentation with proposed HTGA was also repeated with the same and different input data 
sets and it was found that the proposed HTGA is consistent in producing quality solutions. 
The performance of HTGA is also compared with that of the GA and Tabu Search based 
meta heuristics reported in the literature. And it is found that the proposed HTGA is able to 
give better solutions than the GA based heuristics for all the benchmark circuits considered 
in this work. Compared to the Tabu Search based heuristic, the proposed HTGA is able to 
produce better solution for all the benchmark circuits except 5386 and $5378. Again HTGA 
may be made to surpass the performance of T'S for the circuits $386 and $5378 by designing 
an improved orthogonal array (OA) even with more than 2 levels (if required) which is a part 
of the scope for the future work. 
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Appendix: 


Table 1: An example Orthogonal Array, Lg(27) 


Factors 
iL, 22 Bo Ale eBy oO. 77 
Experiment A B C D E F G 


number Levels assigned 
1 Ty a sh) deed eae 
2 ty dlp ae oe 2 De 2 
3 T) 2 22> Te Te Qe 2 
4 hy 22 Dp De De 
5 Qe Vd 2. bes 2k ab 2 
6 Qo dy 2 DP De od 
7 2. ¢2e A 1) 42k 2 SE 
8 QD. Ae 2, dD 
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Table 2: An example calculation of Taguchi method. 
Step a: Select a suitable two level orthogonal array, say Lg(2") shown in Table 1 
Step b: Randomly select two chromosomes from the intermediate crossover population 


Chromosome X: 101111 1 (level 1) 
Chromosome Y : 0 1110 1 0 (level 2) 


Step c: Taguchi Experiment 


Factors 
2 3 4 #5 6 7 
Experiment A B CGC D E F G__ Function SNR(n) 
value COF; 
1 0 lL 1 1 3.5 0.28 
2 0 1 1 0 0 2.0 0.50 
3 1 1 1 4.0 0.25 
4 1 1 0 5.0 0.20 
5 0 0 1 1 0) 0 3.0 0.33 
6 0 0 1 1 1 3.0 0.33 
t 0 1 1 0 3.0 0.33 
8 0 1 1 1 0 5.0 0.20 
Efi 1.23 1.44 1.31 1.19 1.06 1.14 1.14 
E fo 1.19 0.98 1.10 1.23 1.36 1.41 1.28 
Optimal Level 1 1 2 2 2 2 


Step d: Construct a new chromosome 


Optimal 
Chromosome Z 1 0 1 1 0 1 0 


Table 3: Details of ISCAS89 benchmark problems tested with HTGA 


S.NO Benchmark Number of Number of 
Circuit Code Elements Interconnections 

a S27 18 13 

2 S208 117 108 
3 $298 136 130 
4 S386 172 165 
5 S641 433 410 
6 $832 310 291 
7 $953 440 A17 
8 $1196 561 547 
9 $1238 540 526 
10 $1488 667 648 
11 $1494 661 642 
12 $5378 2994 2944 
13 $9234 5845 5822 
14 $13207 8652 8530 


a 
ou 


$15850 10384 10296 
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Table 4: Performance comparison between GA and HTGA in bipartitioning 


Benchmark Circuit Standard Genetic Algorithm 
Cut size Area COF ~=—No. of CPU 
(Fi) (Fa) Generations time (s) 
S27 3 2 2.5 2 2 
5208 30 20 25 25641 552 
5298 15 26 = 20.5 4872 95 
5832 40 84 62 28436 278 
5386 38 101 69.5 7985 165 
S641 AT 128 87.5 33700 1506 
5953 95 139 117 27741 600 
51196 110 13 61.5 6654 396 
51238 98 65 81.5 4385 380 
51488 104 10. (+57 9359 1058 
$1494 104 18 «61 8659 1102 
55378 541 30 285.5 12658 1956 
59234 1082. 42 562 28958 4558 
513207 1602 80 841 30258 6582 
515850 2186 24 1105 38598 8965 
HTGA 
S27 3 1 2 2 2 
5208 27 18 22.5 9189 659 
5298 13 25 19 2346 112 
5832 39 74 56.5 18849 290 
5386 32 95 63.5 3339 170 
S641 44 117 80.5 29221 1600 
5953 84 141 112.5 21080 556 
51196 102 1357.5 4159 398 
51238 73 74 73.5 2958 302 
51488 92 18 55 8158 650 
$1494 101 19 60 6858 520 
55378 463 36 249.5 9958 952 
59234 915 46 480.5 12554 2858 
513207 1328 91 709.5 20587 4965 


$15850 1665 30 847.5 25987 4895 
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Table 5: Performance comparison between GA and HTGA in Multi-Partitioning(4-Partitions) 


Benchmark Circuit 


$27 
$208 
5298 
5832 
5386 
5641 
$953 
$1196 
$1238 
51488 
51494 
55378 
59234 
$13207 
515850 


527 
5208 
$298 
$832 
5386 
S641 
5953 
51196 
51238 
51488 
$1494 
$5378 
$9234 
513207 
515850 


(Aa) 
6 
45 
55 
97 


123 


102 


545 
1123 
1659 
2102 


Standard Genetic Algorithm 
Cut size Area COF 


(F) 
3 
19 


18 


4.5 
32 
37 
62 


83.5 


95.5 


283.5 
576.5 
850.5 
1060 


No. of 


Generations time (s) 


11 
37580 
10144 
48325 
16470 
49435 
45434 
12065 
8658 
15285 
16258 
24585 
45866 
60258 
66558 


10 
17125 
4913 
26218 
15264 
34934 
31849 
4586 
4589 
10258 
12859 
18548 
25866 
40287 
39854 


CPU 


15 
705 
192 
596 
421 
3254 
1000 
821 
859 
3548 
2658 
4586 
5486 
8456 
12455 


13 
802 
185 
630 
513 
3951 
916 
795 
698 
2854 
1425 
1922 
3596 
4987 
7984 
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Table 6: Comparison on consistency rate between GA and HTGA 


Benchmark Consistency rate 
Circuit Genetic Algorithm HTGA 
S27 40 60 
S208 46 63 
$298 52 68 
$832 58 66.25 
S386 62.5 71 
S641 48 62 
$953 46 63 
$1196 48 69.65 
$1238 40.5 70.6 
$1488 45.26 69.24 
$1494 49.65 65 
$5378 55 70.65 
$9234 48.4 67.25 
$13207 59.65 69 


$15850 51 68.6 


Table 7: Cutsize Comparison of HTGA with GA and TS (S.MSait) 


Benchmark Cutsize of the Benchmark Circuits 
Circuit Genetic Algorithm Tabu Search HTGA 
$298 19 24 13 
$832 45 50 39 
S386 36 30 32 
S641 45 59 44 
$953 96 99 84 
$1196 123 106 102 
$1238 127 79 73 
$1488 104 98 92 
$1494 102 101 101 
$5378 573 430 463 
$9234 1090 918 915 
$13207 1683 1332 1328 
$15850 2183 1671 1665 
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Abstract: A Smarandachely k-signed graph (Smarandachely k-marked graph) is an ordered 
pair S = (G,o) (S = (G,)) where G = (V, F) is a graph called underlying graph of S and 
ao: BE > (@,@2,...,e) (wu: V — (€1,2@2,...,Ex)) is a function, where each @ € {+,-}. 
Particularly, a Smarandachely 2-signed graph or Smarandachely 2-marked graph is called 
abbreviated a signed graph or a marked graph. In this paper, we establish a new graph 
equation L?(G) & L*(G), where L?(G) & L*(G) are second iterated line graph and k*” 
iterated line graph respectively. Further, we characterize signed graphs $ for which L?(S') ~ 
L¥(S) and n(S) ~ L*(S), where ~ denotes switching equivalence and L?(S), L*(S) and 
n(S) are denotes the second iterated line signed graph, k’” iterated line signed graph and 


negation of S respectively. 


Key Words: Smarandachely k-signed graphs, Smarandachely k-marked graphs, signed 


graphs, marked graphs, balance, switching, line signed graphs, negation. 


AMS(2000): 05022 


§1. Introduction 


Unless mentioned or defined otherwise, for all terminology and notion in graph theory the 
reader is refer to [8]. We consider only finite, simple graphs free from self-loops. 

A Smarandachely k-signed graph (Smarandachely k-marked graph) is an ordered pair 
S = (G,o) (S = (G,u)) where G = (V,E) is a graph called underlying graph of S and 
a: EF = (€1,@2,...,€n) (wu: V > (€1, @2,...,Ex)) is a function, where each €; € {+,—}. Particu- 
larly, a Smarandachely 2-signed graph or Smarandachely 2-marked graph is called abbreviated 
a signed graph or a marked graph. Cartwright and Harary [5] considered graphs in which ver- 
tices represent persons and the edges represent symmetric dyadic relations amongst persons 
each of which designated as being positive or negative according to whether the nature of the 
relationship is positive (friendly, like, etc.) or negative (hostile, dislike, etc.). Such a network 
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S is called a signed graph (Chartrand [6]; Harary et al. [11]). 

Signed graphs are much studied in literature because of their extensive use in modeling a 
variety socio-psychological process (e.g., see Katai and Iwai [14], Roberts [16] and Roberts and 
Xu [17]) and also because of their interesting connections with many classical mathematical 
systems (Zaslavsky [25]). 

A cycle in a signed graph S is said to be positive if the product of signs of its edges is 
positive. A cycle which is not positive is said to be negative. A signed graph is then said to be 
balanced if every cycle in it is positive (Harary [9]). Harary and Kabell [12] developed a simple 
algorithm to detect balance in signed graphs as also enumerated them. 

A marking of S is a function uw» : V(G) > {+,—}; A signed graph S together with a 
marking py is denoted by S,,. Given a signed graph S one can easily define a marking p of S as 
follows: For any vertex v € V(S), 


uv€ E(S) 


the marking ps of S is called canonical marking of S. 


The following characterization of balanced signed graphs is well known. 


Theorem 1(E. Sampathkumar, [18]) A signed graph S = (G,o) is balanced if, and only if, 
there exists a marking yu of its vertices such that each edge uv in S satisfies o(uv) = p(u)u(v). 


The idea of switching a signed graph was introduced in [1] in connection with structural 
analysis of social behavior and also its deeper mathematical aspects, significance and connec- 
tions may be found in [25]. 

Switching S with respect to a marking yp is the operation of changing the sign of every edge 
of S to its opposite whenever its end vertices are of opposite signs. The signed graph obtained 
in this way is denoted by S,,(5') and is called p-switched signed graph or just switched signed 
graph. Two signed graphs S; = (G,o) and Sz = (G’,o’) are said to be isomorphic, written as 
Si = 5S» if there exists a graph isomorphism f : G — G" (that is a bijection f : V(G) — V(G’) 
such that if wv is an edge in G then f(u)f(v) is an edge in G’) such that for any edge e € G, 
a(e) = o'(f(e)). Further a signed graph S, = (G,o) switches to a signed graph 52 = (G’,o’) 
(or that S$; and Sp are switching equivalent) written S; ~ S2, whenever there exists a marking 
pe of S, such that S,,(S1) = S2. Note that S$; ~ S implies that G = G’, since the definition 
of switching does not involve change of adjacencies in the underlying graphs of the respective 
signed graphs. 

Two signed graphs S; = (G,a) and Sy = (G’,o’) are said to be weakly isomorphic (see 
[23]) or cycle isomorphic (see [23]) if there exists an isomorphism ¢ : G — G’ such that the 
sign of every cycle Z in S; equals to the sign of ¢(Z) in Sp. The following result is well known 
(See [24]). 


Theorem 2(T. Zaslavsky, [24]) Two signed graphs S, and Sp with the same underlying graph 


are switching equivalent if, and only if, they are cycle isomorphic. 
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§2. Negation switching equivalence in signed graphs 


One of the important operations on signed graphs involves changing signs of their edges. From 
socio-psychological point of view, if a signed graph represents the structure of a social system 
in which vertices represent persons in a social group, edges represent their pair-wise (dyadic) 
interactions and sign on each edge represents the qualitative nature of interaction between the 
corresponding members in the dyad classified as being positive or negative then according to 
social balance theory, the social system is defined to be in a balanced state if every cycle in the 
signed graph contains an even number of negative edges [9]; otherwise, the social system is said 
to be in an unbalanced state. The term balance used here refers to the real-life situation in 
which the individuals in a social group experience a state of cognitive stability in the sense that 
there is no psychological tension amongst them that demands a change in the pattern of their 
ongoing in- terpersonal interactions. For instance, as pointed out by Heider [13], any situation 
in which a person is forced to maintain a positive relation simultaneously with two other persons 
who are in conflict with each other is an unbalanced state of the triad consisting of the three 
persons. Thus, when the social system is found to be in an unbalanced state it is desired to bring 
it into a balanced state by means of forcing some positive (negative) relationships change into 
negative (positive) relationships; such sets of edges in the corresponding signed graph model are 
called balancing sets (see Katai & Iwai [14]). Such a change (which may be regarded as a unary 
operation transforming the given signed graph) is called negation, which has other implications 
in social psychology too (see Acharya & Joshi [2]). Thus, formally, the negation 7(S) of S is a 
signed graph obtained from S by negating the sign of every edge of S; that is, by changing the 
sign of each edge to its opposite [10]. 

Behzad and Chartrand [4] introduced the notion of line signed graph L(S) of a given signed 
graph S as follows: Given a signed graph S = (G,o) its line signed graph L(S) = (L(G), 0’) 
is the signed graph whose underlying graph is L(G), the line graph of G, where for any edge 
eje; in L(S), o’(e;e;) is negative if, and only if, both e; and e; are adjacent negative edges in 
S. Another notion of line signed graph introduced in [7] is as follows: The line signed graph of 
a signed graph S = (G,c) is a signed graph L(S) = (L(G), 0’), where for any edge ee’ in L(S), 
a’ (ee’) = o(e)o(e’). In this paper, we follow the notion of line signed graph defined by M. K. 
Gill [7] (See also E. Sampathkumar et al. [19,20]). 


Theorem 3(M. Acharya, [3]) For any signed graph S = (G,o), its line signed graph L(S) = 
(L(G), 0’) is balanced. 


Hence, we shall call a given signed graph S a line signed graph if it is isomorphic to the 
line signed graph L(S’) of some signed graph S’. In [20], the authors obtained a structural 
characterization of line signed graphs as well as line signed digraphs. 

For any positive integer k, the k*” iterated line graph, L*(G) of G (k*” iterated line signed 
graph, L*($) of S) is defined as follows: 


L(G) =G, L*(G) = L(L**(G)) (L°(8) = 8, L*(S) = L(L*"*(S))) 


Corollary 4(P. Siva Kota Reddy & M. S. Subramanya, [22]) For any signed graph S = (G,c) 
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and for any positive integer k, L*(S) is balanced. 


The following result is well known. 


Theorem 5(V. V. Menon, [15]) For a graph G, G = L*(G) for any integers k > 1 if, and only 
if, G is 2-regular. 


Proposition 6(D. Sinha, [21]) For a connected graph G = (V, E), L(G) & L?(G) if, and only 
if, G is cycle or Ky 3. 
From the above results we have the following result for graphs. 


Theorem 7 For any graph G, L?(G) = L*(G) for some k > 3, if, and only if, G is either a 
cycle or Ky. 


Proof Suppose that L?(G) = L*(G) for some k > 3. We observe that L*(G) = L'~?(L?(G)). 
Hence, by Proposition 6, L?(G) must be a cycle. But for any graph G, L(G) is a cycle if, and 
only if, G is either cycle or K1,3. Since K1,3 is a forbidden to line graph and L(G) is a line 
graph, G # K1,3. Hence L(G) must be a cycle. Finally L(G) is a cycle if, and only if, G is 
either a cycle or Ky. 

Conversely, if G is a cycle C, , of length r, r > 3 then for any k > 2, L*(G) is a cycle and 
if G = K13 then for any k > 2, L*(G) = C3. This implies, L?(G) = L*(G) for any k > 3. This 
completes the proof. 


We now characterize those second iterated line signed graphs that are switching equivalent 
to their k’” iterated line signed graphs. 


Proposition 8 For any signed graph S = (G,o), L?(S) ~ L*(S) if, and only if, G is either a 
cycle or Ky. 


Proof Suppose L?(S') ~ L*(S). This implies, L?(G) & L*(G) and hence by Theorem 7, 


we see that the graph G must be isomorphic to either a cycle or Ky,3. 


Conversely, suppose that G is a cycle or K,3. Then L?(G) & L*(G) by Theorem 7. Now, 
if S any signed graph on any of these graphs, By Corollary 4, L?7($) and L*(S) are balanced 


and hence, the result follows from Theorem 2. 


We now characterize those negation signed graphs that are switching equivalent to their 
line signed graphs. 


Proposition 9 For any signed graph S = (G,o), n(S) ~ L*(S) if, and only if, S is an 
unbalanced signed graph and G is 2-regular with odd length. 


Proof Suppose (9) ~ L*(S). This implies, G & L*(G) and hence G is 2-regular. Now, 
if S is any signed graph with underlying graph as 2-regular, Corollary 4 implies that L*(S) is 
balanced. Now if S is an unbalanced signed graph with underlying graph G = C’,, where n is 
even, then clearly 7(S) is unbalanced. Next, if S is unbalanced signed graph with underlying 
graph G = C;,, where n is odd, then 7() is unbalanced. Hence, if 7(S) is unbalanced and 
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its line signed graph L*(.$) being balanced can not be switching equivalent to S in accordance 

with Theorem 2. Therefore, S must be unbalanced and G is 2-regular with odd length. 
Conversely, suppose that S$ is an unbalanced signed graph and G is 2-regular with odd 

length. Then, since L*(S) is balanced as per Corollary 4 and since G & L*(G), the result 


follows from Theorem 2 again. 


Corollary 10 For any signed graph S = (G,o), n(S) ~ L(S) if, and only if, S is an unbalanced 
signed graph and G is 2-regular with odd length. 
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Abstract: Let G=(V(G),E(G)) be a graph.A set of vertices S in a graph G is called to be 
a Smarandachely dominating k-set, if each vertex of G is dominated by at least k vertices 
of S. Particularly, if k = 1, such a set is called a dominating set of G. The Smarandachely 
domination k-number 7z(G) of G is the minimum cardinality of a Smarandachely dominating 
k-set of G. S is called weak domination set if deg(w) < deg(v) for every pair of (u,v) € 
V(G)-—S . The minimum cardinality of a weak domination set S is called weak domination 
number and denoted by yw(G) . In this paper we introduce the weak reinforcement number 
which is the minimum number of added edges to reduce the weak dominating number. We 
give some boundary of this new parameter and trees. Furthermore, some boundary of strong 


reinforcement number has been given for a given graph G and its complemented graph G. 


Key Words: Connectivity, Smarandachely dominating k-set,Smarandachely dominating 


k-number, strong or weak reinforcement number. 
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§1. Introduction 


Let G = (V, E) be a graph with vertex set V and edge set E. A set S C V is a Smarandachely 
dominating k-set of G if every vertex v in V—S there exists a vertex u in S such that u and v are 
adjacent in G. The Smarandachely domination k-number of G, denoted 7(G) is the minimum 
cardinality of a Smarandachely dominating k-set of G [7]. The concept of dominationin graphs, 
with its many variations, is well studied in graph theory and also many kind of dominating 
k-numbers have been described. Strong domination(sd-set) and weak domination(sw-set) was 
introduced by Sampathkumar and Latha [2]. Let wv € E . Then u and v dominate each 
other. Further, u strongly dominates [weakly dominates] v if deg(u) > deg(v) [ deg(u) < 
deg(v)|. A set S C V is strong dominating set(sd-set) [weakly dominating set(sw-set)] if every 
vertex v € V — S is strongly dominated [weakly dominated] by some wu in S. The strong 
domination number y;(G) [weak domination number 7,,(G) ] of G is the minimum cardinality 
of a Smarandachely dominating k-set S [5]. If Smarandachely domination k-number of G is 
small, then distance between each pair of vertices is small in G. This property is easily see that 
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yn(G) = ys(G) = Yw(G) = 1, where G is complete and the distance between each pairs is 
1. If any edge could removed from graph G then the Smarandachely domination k-number of 
G increase. Fink et al.[4] introduced the bondage number of a graph in 1990. The bondage 
number b(G) of a nonempty graph G is the cardinality of a smallest set of edges whose removal 
from G results in a graph with Smarandachely domination k-number grater than y,(G) [1,4,5]. 
Strong and weak bondage number introduced by Ebadi et al. in 2009 [7]. If some edge added 
from graph G then the Smarandachely domination k-number of G could decrease. In 1990, 
Kok and Mynhardt [6] introduced the reinforcement number r(G) of a graph G, which is the 
minimum number of extra edges whose addition to graph G results in a graph G’ with y,(G) 
< yn(G’) . They defined r(G) = 0 if ¥,(G) = 1. In 1995, Ghoshol et al. introduced strong 
reinforcement number r, , the cardinality of a smallest set F which satisfies y,(G+F') < 7.(G) 
where F C E(G) [5]. In Figurel, 7%,(G) = 2 ,ys(G) = 3 yww(G) = 4, r(G) = 2 and r,(G) =1 
for graph G. 


a c f 
d 
b e g 


Figurel: Graph G 


Cardinality of {c, e}-set equals to the y,(G) , cardinality of {c, d, e}-set equals to the y,(G) 
, cardinality of {a,b, f,g}-set equals to the y,(G) . Moreover, when we add two edge from 
vertex d to vertex f and g, yx(G) decrease. Then,r(G) = 2. Similarly, when we add an edge 
from vertex c to vertex g, it is easy to see that r,(G) = 1. In this paper, for A(G) and 6(G) 


denote the number of maximum and minimum degree, respectively. 


§2 Weak reinforcement number 


In this section we introduced a new reinforcement concept. Let F be a subset of E(G). Weak 
reinforcement number r,, , the cardinality of smallest set F’ which satisfiesy.(G+F) < Yw(G). 
Then here, some weak reinforcement number boundaries’ are given and reinforcement numbers 


of basic graph are computed. 


Theorem 2.1 Let G be a connected graph, then 1 <Try < eS) ay , where n =|V(G)| and 
2 
m = |E(G)| for any graph G. 


Proof If A(G) =n—1, then r,,(G) = 0 by definition. To dominate all vertices of a graph 


by a vertex which has minimum degree, it is necessary all vertices have n — 1 degree, so the 

graph is a complete graph. For any graph G, we can add nina) 

graph and it’s an upper boundary. Lower boundary is 1, because of star graph’s structure. 

n.(n—1) 
2 


—m edges to make a complete 


Consequently, when we add at least 1-edge and at most 


—m, decrease 7(G). 


Observation 2.1 If G is a complete graph then,7,,(G) = 1. 
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Theorem 2.2 If y(G) is 2, then ry(G) = n(n=1) —m for any graph G. 


Proof Let weak domination number of a graph G be 2. We can decrease this number only 
1. Due to the Observation 2.1 the graph G must be a complete. To make graph G complete 


n.(n—1) 
2 


must add |E(G)| edges to graph, i.e. we must add —m edges. 


Lemma 2.1({6]) The weak and strong domination number of n-cycle is 


Yw(Cn) = Ys(Cn) = [51 for,n > 3. 


Theorem 2.3 The weak reinforcement number of the n-cycle (with n > 7 andn 4 9) is 


Proof From Lemma 2.1, the weak domination number of graph C;, is [3]. When yw(G) 
is decreased, there arises 3 cases. 


Case 1 If n = 1(mod3) , the vertex which is taken to weak domination set, including itself 
dominates 3 vertices. In order for a vertex to dominate both itself and the other 3 vertices, to 
graph C;, two edges are added ( see Figure 2). 


In conclusion, in the weak domination set there are vertices from Ky, structure in Figure 
2 together with the “54 vertices. Then,y,(C, + F) = 234 +1= 2). Since 2+ < [8], then 


Ty) = 2. 


Case 2 If n = 2(mod3), similar to Casel, by creating two Ky structure, the proof is set. In 
conclusion, in the weak domination set there has been ns +2 vertices. Then,yy(Cr+F) = 
Since 254 < [2], then ry = 4. 


n—2 
> 


Case 3 If n = 0(mod3) , when it is set similar to Casel,r,, =6 . 


Combining Cases 1-3, the proof is complete. 


Theorem 2.4 Values of weak reinforcement number of C4,C5,Cg and Cy are 2, 5, 9 and 7, 


respectively. 
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Proof The weak reinforcement number of C4,C’s and C¢ are 2. It is easily seeing that from 
Theorem 2.2, rw(C4) = 2,rw(Cs) = 2,rw(Ce) = 9. Moreover, yw(Co) = 3. To decrease this 
number,we must obtain a Ky and Ks from Cy vertices.Then it’s easily see that r(Co) = 7. 


Lemma 2.2({4]) The weak and strong domination number of the path of order-n is 


aa(Pa) = [Z], forn > 3, 


I$] , if n=1 (meds), 


Yw (Pr) = : 
[$] +1, otherwise 


Theorem 2.5 The weak reinforcement number of the path of order-n ts 


3,n=1 d3 
iPS n (mod3) 
1, otherwise. 


Proof Ifn = 3k and n = 3k+2 then (Pn) = [| +1. For these cases, we add an e;-edge 
to two vertices, which has degree 1, then the graph be a Ch. Yw(Cn) > Yw(Cn + e1) since 
Yw(Cn) is [$]. For this reason, r,(P,) = 1. Ifm = 3k +1 then we add an edge to two vertices, 
which has degree 1, then the graph be a C’,. Then we add 2 more edges, likes Theorem 2.3, 
Casel. Since Yw(Cn) > Yw(Cn + F), then rw(P,) = 3, where F is a set of added edges. 


Lemma 2.3([4]) The weak and strong domination number of the wheel graph Wi», is 


Ye(Win) =1 5 to(Win) = 151. 


Theorem 2.6 The weak reinforcement number of the wheel graph Wi.» (withn > 7 andn # 9) 


Proof The proof is similar to that of Theorem 2.3. 


Theorem 2.7 [fn = 4,5,6,9 then rw(Win) is 2,5,9 and 7, respectively. 


Proof The proof makes similar to that of Theorem 2.4. 


Lemma 2.4([5]) The weak and strong domination number of the complete bipartite graph Km.n 
is 


2 , if2<m=n, 
Ys(Kmn) = : 

m , ifl<m<n. 

2 , if2<m=n, 
Yw(Kmn) = ‘ 

n , tfl<m<n. 
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Theorem 2.8 The weak reinforcement number of complete bipartite graph Kmn, where m <n 


1s 


Tw (Kmn) = 


Proof Ifm =n, then Yw(Kmjn) = 2. Due to Theorem 2.2, the graph must be a complete 
2m(2m — 1 
while weak domination number decreasing. The edge number of graph Kom, is eid), 


2 


The edge number of Ky, is m?. So, rw number is m? —m. If m <n then yw(Kmn) = Nn. 


When we add an edge between two vertices which have degree of m, we obtain the r,, number 


is 1. 


Result 2.1 If m=1, then ry(Kin) =1, where Ky,» is a star graph. 


Lemma 2.5([5]) Define a support to be a vertex in a tree which adjacent to an end-vertez. 
Every tree T with (n > 4) has at least one of the following characteristic. 


(i) A support adjacent to at least 2 end-vertez; 

(ii) A support is adjacent to a support of degree 2; 

(iit) A vertex is adjacent to 2 support of degree 2; 

(iv) A support of a leaf and the vertex adjacent to the support are both of degree 2. 


Theorem 2.9 If any vertex of tree T is adjacent with two or more end-vertices, then rw(T) = 1. 


Proof Let T has two or more end-vertices, which denote by ui, ug,.... The u,’s belong 
to every minimum weak domination set of T. We add an e-edge between two vertices, then 
Aw(T) > Ww(T +e). Hence, ry(T) = 1. 


Theorem 2.10 Let T be any tree order of n (n > 3), then ry(T) < 3. 


Proof It is easy to see that r,(T) = 0 and r,,(Z) = 1 for n=2 and n=3, respectively. 
Assume that n > 3. From Lemma 2.5, there are 4 cases. (see Figure3) 


Oe ee 


x 
s 
1 
Casel Case2 Case3 Case4 


Figure3: End characteristic of trees 


Case 1 Assume that supported vertex s is adjacent to two or more vertices. All end-vertices 
are in weak domination set. When we add an e-edge between any two end-vertices, y(T') > 
Yw(T +e) is obtained. Hence, r,,(T) = 1. 
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Case 2 In this case two end-vertices are in weak domination set. We must obtain AK4 structure 
for weak dominate four vertices by a vertex. For this, worst case situation, we must add three 
edges. Hence,ry(T') < 3. 


Case 3 and Case 4 The proofs make similar to Case2. Consequently, r(T) < 3. 


Combining Cases 1-4, the proof is complete. 


§3. Strong reinforcement number 


In these section general results is given for strong reinforcement number and some boundaries of 
strong reinforcement number of any graph G and its complemented graph G. In [5], Theorems 
3.1-3.6 following are proved. 


Theorem 3.1 The strong reinforcement number of the path of order-n and n-cycle is 


1s(Pn) =Ts(Cn) = 1, wheren = i(mod3). 


Theorem 3.2 The strong reinforcement number of multipicle complete graph is 


0 5 ifmy =1 
1s(Kmyymo,....m+) = my, — 1 i ifmy # landm, = mg 
1 , ifm, #landm, 4 m2 


Theorem 3.3 r,(G) <p—1-—A(G) for any graph G, where p = |V(G)|. 

Theorem 3.4 If G is any graph G, thenr,(G) = p—1—A(G) éf and only if y.(G) = 2. 
Theorem 3.5 r,(G) < A(G) +1, for any graph G with y,(G) > 2. 

Theorem 3.6 y;(G) +1r5(G) < p— A(G) +1 for any graph G, where p = |V(G)|. 


Theorem 3.7 Let G be any graph order of n and G be a complemented graph of G. If graph 


G has at least one vertex which has degree 1, then ys(G) = 2 and r,(G) = 1. 


Proof Let vertex u has degree 1. vertex u adjacent to n-2 vertices in G . Then taking 
vertex v in strong domination set where vertex v adjacent to vertex u. Hence,y,(G) = 2 .From 


Theorem 3.4,r5(G) =p—1-—A(G) . Since A(G) =n — 2, it is easily see that r,(G) = 1. 


Theorem 3.8 Let G be any graph order of n and G be a complemented graph of G. Then, 
rs(G) < 6(@). 


Proof It is obvious that A(G) = n—6(G)—1 and r,(G) < n—1—A(G) from the Theorem 
3.3. Whence, 


rs(G) <n—1-—(n—6(G)-1),  r.(G) < 6(G). 
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Theorem 3.9 Let G be any graph order of n and G be a complemented graph of G. Then, 


rs(G) +7rs(G) <n+6(G) — (A(G) +1). 


Proof It easily see that from Theorems 3.3 and 3.8. 


§4. Conclusion 


The concept of domination in graph is very effective both in theoretical developments and 
applications. Also, domination set problem can be used to solve hierarchy problem, network 
flows and many combinatoric problems. If graph G has a small domination number then 
each pairs of vertex has small distance. So, in any graph if we want to decrease to domination 
number, we have to decrease distance between each pairs of vertex. More than thirty domination 
parameters have been investigated by different authors, and in this paper we have introduced 
the concept of domination. We called weak reinforcement number its. Then, we computed weak 
reinforcement number for some graph and some boundary of strong reinforcement number has 
been given for a given graph G and its complemented graph G. Work on other domination 
parameters will be reported in forthcoming papers. 
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Abstract: Tulgeity 7(G) is the maximum number of disjoint, point induced, non acyclic 
subgraphs contained in G. In this paper we find the tulgeity of line, middle and total graph 
of wheel graph, Gear graph and Helm graph. 
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§1. Introduction 


The point partition number [4] of a graph G is the minimum number of subsets into which the 
point-set of G can be partitioned so that the subgraph induced by each subset has a property 
P. Dual to this concept of point partition number of graph is the maximum number of subsets 
into which the point-set of G can be partitioned such that the subgraph induced by each subset 
does not have the property P. Define the property P such that a graph G has the property P 
if G contains no subgraph which is homeomorphic to the complete graph K3. Now the point 
partition number and dual point partition number for the property P is referred to as point 
arboricity and tulgeity of G respectively. Equivalently the tulgeity is the maximum number of 
vertex disjoint subgraphs contained in G so that each subgraph is not acyclic. This number is 
called the tulgeity of G denoted by 7(G). Also, T(G) can be defined as the maximum number 
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of disjoint cycles in G. The formula for tulgeity of a complete bipartite graph is given in [5]. 
The problems of Nordhaus-Gaddum type for the dual point partition number are investigated 
in [3]. 

Let P be a graph property and G be a graph. If there exists a partition of G with a 
partition set pair {H,T} such that the subgraph induced by a subset in H has property P, 
but the subgraph induced in T has no property P, then we say G possesses the Smarandache 
partition. Particularly, let H = @ or T = 0, we get the conception of point partition or its dual. 

All graphs considered in this paper are finite and contains no loops and no multiple edges. 
Denote by [a] the greatest integer less than or equal to x, by |$| the cardinality of the set S, 
by E(G) the edge set of G and by K,, the complete graph on n vertices. pg and gg denotes 
the number of vertices and edges of the graph G. The other notations and terminology used in 
this paper can be found in [6]. 

Line graph L(G) of a graph G is defined with the vertex set E(G), in which two vertices 
are adjacent if and only if the corresponding edges are adjacent in G. Since 7(G) < BE it is 


obvious that 7(L(G)) < |<). However for complete graph K,, T( Kp) = [=]. 


Middle graph M(G) of a graph G is defined with the vertex set V(G) U E(G), in which two 
elements are adjacent if and only if either both are adjacent edges in G or one of the elements is 
a vertex and the other one is an edge incident to the vertex in G. Clearly r(M(G)) < pt : 


Total graph T(G) of a graph G defined with the vertex set V(G) U E(G), in which two 
elements are adjacent if and only if one of the following holds true (i) both are adjacent edges 
or vertices in G (ii) one is a vertex and other is an edge incident to it in G. 

§2. Basic Results 


We begin by presenting the results concerning the tulgeity of a graph. 


Theorem 2.1({5]) For any graph G, T(G) = > 7(C) < 7(B), where the sums being taken over 
all components C' and blocks B of G, respectively. 


Theorem 2.2([5]) For the complete n-partite graph G = K (pi, p2,.--;Pn),1 < pi < po < we < 


n-1 
Pn and ~ p; =p, T(G) = min (|; >a ; v3) , where po = 0. 
0 


We have derived [1] the formula to find the tulgeity of the line graph of complete and 
complete bigraph. 


Theorem 2.3((1]) 7(L(Kn)) = ae). 


Theorem 2.4({1]) T(L(Kinn) = =|. 


Also, we have derived an upper bound for the tulgeity of line graph of any graph and 
characterized the graphs for which the upper bound equal to the tulgeity. 
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deg v; 
Theorem 2.5((1]) For any graph G, r(L(G)) < > [“e*] where deg vu; denotes the degree of 
the vertex v; and the the summation taken over all the vertices of G. 
Theorem 2.6([1]) If G is a tree and for each pair of vertices (v;,v;) with deg u;, deg vu; > 2, 


deg “| 


if there exist a vertex v of degree 2 on P(v;, vj) then T(L(G)) < do aes 


We have derived the results to find the tulgeity of Knéddel graph, Prism graph and their 
line graph in [2]. 
§3. Wheel Graph 


The wheel graph W,, on n+ 1 vertices is defined as W, = C, + K, where C,, is a n-cycle. 
Let V(W,) = {y, : 0 < i < n—1}U {v} and E(W,,) = fe; = vivign : OS 1 <n 
1, subscripts modulo n} U {e, = vu; :0<i<n- 1}. 


Wheel graph W,, 


Figure 3.1 


Theorem 3.1 The Tulgeity of the line graph of Wr, 
2n 
7(L(W,,)) = = : 
Proof By the definition of line graph, V(L(W,,)) = E(W,) = {66 : 0 < t < n- 
1, subscripts modulo n} U {e, :0 <i<n-—1}. Let 
rot . n 
C= {eielely :¢=3(k-1),1<k< [=]} 


and 
n 


cH {ereisrels (t=3k—-21<Sk< Bl 
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be a collection of 3-cycles of L(W,,). Clearly the cycles of C and C’ are vertex disjoint and if 

V(C) and V(C’) denotes the set of vertices belonging to the cycles of C and C’ respectively 
then V(C)NV(C’) =0. Hence r(L(Wn)) > |C] +|C’| = 2 H 

n 2n 2n 

If n = 0 or 1(mod 3), then 2 H = =". Hence 7(L(W,,)) > E 


2 
then = = 2 [| +1. In this case e},5,e),1,@n-2,en-1 ¢ V(C) UV(C’) and the set 


. lin 


2(mod 3), 


2 
{e),_9,€,-1, €n—2} induces a 3-cycle. Hence if n = 2(mod 3), T(L(W,,)) > 2 [=| +1= =]. 
2 2 
Therefore in both the cases 7(L(W,,)) > = . Also since |V(L(W,,))| = 2n, T(L(W)) < = : 


Hence 7(L(W,)) = |. 


L(Ws) and its vertex disjoint cycles 


Figure 3.2 


Theorem 3.2 The Tulgeity of the middle graph of W,, T(M(W,,)) =n. 


Proof By the definition of middle graph, V(M(W,,)) = V(W,,) U E(W,,), in which for 
any two elements z,y € V(M(W,,)), czy € E(M(W,,)) if and only if any one of the following 
holds. (i) «,y € E(W,,) such that x and y are adjacent in W,, (ii) © V(W,,), y © E(W,,) 
or « € E(W,), y € V(W,,) such that x and y are incident in W,. Since V(M(W,)) = 

3 1 
V(W,) U E(W,), [V(M(W,))| =n-+1+42n = 3n+1 and hence r(M(W,)) < — =n 
Let C = {Ci = viewe, 0 < i < n—1} be the collection of cycles of M(W,,). Clearly the cycles 
of C are vertex disjoint and |C| =n. Hence r(M(W,,)) > n which implies 7(M(W,,)) = n. 


By the definition of total graph V(M(W,,)) = V(T(W,,)) and E(M(W,,)) Cc E(T(W,,)). 


1 
Also since T(M(W,,)) =n = 3PM(w,)|> We conclude the following result. 
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M (Wo) and its vertex disjoint cycles 


Figure 3.3 


Theorem 3.3 For any wheel graph W,,, the tulgeity of its total graph, 


7(T(W,,)) =7(M(W,,)) =n. 


§4. Gear Graph 


The gear graph is a wheel graph with vertices added between pair of vertices of the outer cycle. 
The gear graph G,, has 2n + 1 vertices and 3n edges. 


Gear Graph G, 


Figure 4.1 
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Let V(G,) = {uj :0<i<n-—1sUf{uj:0<i<n—-1}U {v} and E(G,) = {e; = vjui : 
0<i<n—-IlU {eé = vu, :0<i< n-1U {el = uviga 10 < i < n—1,subscripts modulo n}. 


Theorem 4.1 For any gear graph Gy, the tulgeity of its line graph, 


T(L(G,)) =n. 


Proof By the definition of line graph, V(L(G,,)) = E(Gn), in which the set of vertices 
of L(Gn), {e; : 0 < i < n— 1} induces a clique of order n. Also for each i, (0 < i <n-—1), 
the set {e//e;,,ei41 : subscripts modulo n} induces vertex disjoint clique of order 3. Let C = 
(ee. 1ei41 : O < i < n—1,subscripts modulo n} be the set of cycles of L(G,,). It is clear 


that the cycles of C are vertex disjoint and |C| = n therefore 7(L(G,)) > n. Also, since 


PL(Gn) = Gn = 8n, T(L(Gn)) < Ea =n. Hence 7(L(G,)) =n. 
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L(G) and its vertex disjoint cycles 


Figure 4.2 


Theorem 4.2 For any gear graph Gy, the tulgeity of its middle graph, 


7(M(Gn)) = = | 


4 1 
Pier Sites = $6. Sie, SS = ae) = i | 


By the definition of middle graph V(M(G,,)) = V(G,,) U E(G,), in which the set of vertices 
{e,:0<i<n—1}U {v} induces a clique Kyp41 of order n +1 and for each i, (0<i<n-1) 
the set {e//e), ,e:41¥i41 : subscripts modulo n} induces a clique of order 4. From these cliques 
we form the set of cycles of M(G,,). Let C={set of vertex disjoint 3-cycles of the clique K,+1} 
and C’ = {evel ,e:410i41 : 0 < i < n—1,subscripts modulo n}. Clearly V(C)N V(C’) = 0 
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n+1 


and hence the cycles of C and C’ are vertex disjoint. Also |C| = 


3 and |C’| =n. Hence 
4n + "| 


4n+1 


r(M(Gn)) > (C+ IC = | : 


| Therefore r(M(Gn)) = | 


M(Gs5) and its vertex disjoint cycles 


Figure 4.3 


By the definition of total graph V(M(G,)) = V(T(Gn)) and E(M(G,,)) C E(T(Gn)). 


4 il 1 
Also since T(M(G;,)) = | | = | 3Pm(ca) |» We conclude the following result. 


Theorem 4.3 For any gear graph Gy, the tulgeity of its middle graph, 


r(M(Gq)) = 7(T(Gu)) = |. 


§5. Helm Graph 


The helm graph H), is the graph obtained from an n-wheel graph by adjoining a pendant edge 
at each node of the cycle. 

Let V(A,,) = {u}Uf{u; :0<ti<n-1TU{u:0<i<n—-1}, E(A,) = {e; = viviq1 0 < 
i <n-—1,subscript modulo n}U {ef = vu, :0<i<n—-13U {ef =vjuj:0<i<n- 1}. 


Theorem 5.1 For any helm graph Hy, T(L(Hn)) =n. 


Proof By the definition of line graph, V(L(H,)) = {e6:0<i<n-—1}Ufeh:0<i< 
n—1}U fey :0<i<n-1}. Since e;,e; and e/ (0 < i < n—1) are adjacent edges in Hp, 
{ei, e;, e” } induces a 3-cycle in L(H,,) for each i, (0 <i < n—1). Let C = {ejeie’ :0<i<n—-1} 
be the set of these cycles. Clearly C contains vertex disjoint cycles of L(H,,) and |C| = n. Hence 
T(L(H,,)) > n. Also since |V(L(H,,))| = 3n,7(L(H,)) < n. Therefore 7(L(H,,)) = n. 
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Helm Graph H,, 


Figure 5.1 


Theorem 5.2 The Tulgeity of the middle graph of the helm graph Hy, is given by 


4n+1 
3 ‘ 


r(M (Hn) = | 


Proof By the definition of middle graph, V(M(H,,)) = V(H,,) U E(A,,), in which for each 
i, (0 <i<n-—1), the set of vertices {e;, ei41, 444, €741, Viti : Subscript modulo n} induce a 
clique of order 5. Also {e, :0 <i < n—1}U{v} induces a clique of order n+1 (say Kn41). Since 
deg u; = 1 for each i, (0<i<n—1) in M(H,,) r(M(A,,)) = 7(M(Ap) -— {us 20 <4 < n-—1}). 


1 4 il 
Hence 7(M(H,,)) < 3 (|E(#,,)| + |V(A,)| — n) = “* | Consider the collection C of 


cycles of M(H,,), C = {ujeje? : 0 < i < n—1}. Each cycle of C are vertex disjoint and 
|\C| = n. Also the cycles of C are vertex disjoint from the cycles of the clique K,4+41. Hence 


7(M(Hp)) > |C| + e "| = as). Therefore +(M(Hn)) = ae “|. 


Theorem 5.3 Tulgeity of total graph of helm graph Hy, is given by 


r(T(Hy)) =|], 


Proof By the definition of total graph, V(T(H,)) = V(H,,) U E(A;,) and E(T(A;)) = 
E(M(H,,)) U {uy > 0 < it < n-TU {vy 20 <i < n—-1U {ui41 2:0 <i <n 
lsubscripts modulo n}. For each i, (0 <i <n —1) the set of vertices {e;, Viti, €i41, Ch41, E41} 
of T(H,,) induces a clique of order 5. Also the set of vertices {e, :0 <i <n—1}U {v} induces 
a clique Ky4+41 of order n+ 1. For each 2, (0 < i < n—1) the set of vertices {uj, v;, e/} induces 
a 3-cycle in T(H,,). Hence Cy = {u,;e/ :0 <1 < n—1} isa set of vertex disjoint cycles of the 
subgraph of T(H;,) induced by {uj, uj, ef :0<i<n-— 1}. 
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M (Ho) and its vertex disjoint cycles 


Figure 5.2 


Case 1 1n is even. 


Let C2 be the collection of vertex disjoint 3-cycles of the subgraph induced by the set of 
vertices {e; :0<ti<n— 1} U {e; 17 =2k+1,0<k< La 1}. ie., Co = {eerie}, 2 = 
2k,0<k < $—1}. Let Cz be the set of 3-cycles of T(H,) induced by {e, : i = 2k,0O<k < 
5 —1}U {v}. Since the subgraph induced by {e; : i = 2k,0< k < $ —1}U {v} is a clique of 


1 
order ~ + 1, Cs contains E (= + i) vertex disjoint 3-cycles. Since V(C;) N V(C;) = @ for i 


2 3 %2 
. 5n +1 
4 j, 1(T(Ha)) > [Cr] + [Col + [Cal = | a i 


Case 2. 1n is odd. 


Let Co = {eyezpiej,, :1= 2k,0<k < n=} be the collection of vertex disjoint cycles 
of the subgraph induced by {e; : 0 <i < n—2}U fe, : i = 2k4+1,0<k < 4}. Now 
5 1 
V’ =V(T(A,)) — {V(C1) UV (Co)} = {e4, :0<i < nt} U {en_1,v} has = 
n+ 2 It n+3 
2) 
1/n+5 dite ca ek 
has E ( 5 )| vertex disjoint 3-cycles disjoint from the cycles of C, and Co. 
n+3 
2 


vertices and 


induced subgraph (V’) contains a clique of order = 0 or 1(mod 3) then (V’) 


If 


1 -—1 
= 2(mod 3) then ({e5;:1< i < 452}U {v}) has 5 (“) vertex disjoint 3- 


cycles and there exists another cycle e,_1€),_,ep disjoint from the cycles of C,,C2 and the 
cycles of ({e,,:1<i< %+*}U{v}). Hence in both the cases 7(T(Hn)) > |Cil + |Co| + 


E (" = *)| = as “|. Since |V(T'(H,,))| = 5n +1, it is clear that 7(T(H,)) < ae). 


B+ 
Hence 7(T(Hn)) = “ 
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T (Hg) and its vertex disjoint cycles 


Figure 5.3 


References 


[1] Akbar Ali. M.M, S. Panayappan, Tulgeity of Line Graphs, Journal of Mathematics Re- 
search, Vol 2(2), 2010,146-149. 

Akbar Ali. M.M, S. Panayappan, Tulgeity of Line Graph of Some Special Family of Graphs, 
Proceedings of the 2010 International Conference in Management Sciences and Decision 
Making, Tamkang University, Taiwan, May 22, 2010, 305-311. 

3] Anton Kundrik. (1990). Dual point partition number of complementary graphs. Mathe- 
matica Slovaca, 40(4), 367-374. 

4) Gray Chartrand, Dennis Geller., and Stephen Hedetniemi, Graphs with forbidden sub- 
graphs. Journal of Combinatorial Theory, 10(1971), 12-41. 

5] Gray Chartrand, Hudson V. Kronk., and Curtiss E. Wall, The point arboricity of a graph, 
Israel Journal of Mathematics 6(2)(1968), 168-175. 

6] Frank Harary,. Graph Theory, New Delhi: Narosa Publishing Home, 1969. 


[2 


International J.Math. Combin. Vol.3 (2010), 108-124 


Labeling, Covering and Decomposing of Graphs 
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Abstract: This paper surveys the applications of Smarandache’s notion to graph theory 
appeared in International J.Math.Combin. from Vol.1,2008 to Vol.3,2009. In fact, many 
problems discussed in these papers are generalized in this paper. Topics covered in this 
paper include: (1)What is a Smarandache System? (2)Vertex-Edge Labeled Graphs with 
Applications: (i)Smarandachely k-constrained labeling of a graph; (ii)Smarandachely super 
m-mean graph; (iii)Smarandachely uniform k-graph; (iv)Smarandachely total coloring of a 
graph; (3)Covering and Decomposing of a Graph: (i)Smarandache path k-cover of a graph; 


(ii)Smarandache graphoidal tree d-cover of a graph; (4)Furthermore. 


Key Words: Smarandache system, labeled graph, Smarandachely k-constrained labeling, 
Smarandachely k-constrained labelingSmarandachely super m-mean graph, Smarandachely 
uniform k-graph, Smarandachely total coloring of a graph, Smarandache path k-cover of a 


graph, Smarandache graphoidal tree d-cover of a graph. 


AMS(2000): 05C12, 05070, 05078 


§1. What is a Smarandache System? 
A Smarandache System first appeared in [1] is defined in the following. 


Definition 1.1([{1]) A rule in a mathematical system (X;R) is said to be Smarandachely denied 
if it behaves in at least two different ways within the same set b, 1.e., validated and invalided, 
or only invalided but in multiple distinct ways. 

A Smarandache system (X;R) is a mathematical system which has at least one Smaran- 


dachely denied rule in R. 


Definition 1.2([2]) For an integer m > 2, let (S1;R1i), (H2;R2), +++, (2m; Rm) be m mathe- 
matical systems different two by two. A Smarandache multi-space is a pair (=; R) with 


Y=UXx, and R= U Ri. 
i=l 


w=1 


lReceived June 1, 2010. Accepted September 18, 2010. 
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Definition 1.3((3]) An axiom is said to be Smarandachely denied if the axiom behaves in at 
least two different ways within the same space, i.e., validated and invalided, or only invalided 
but in multiple distinct ways. 

A Smarandache geometry is a geometry which has at least one Smarandachely denied 
ariom(1969). 


Example 1.1 Let us consider an Euclidean plane R? and three non-collinear points A,B and 
C. Define s-points as all usual Euclidean points on R? and s-lines any Euclidean line that 
passes through one and only one of points A, B and C, such as those shown in Fig.1.1. 

(i) The axiom (A5) that through a point exterior to a given line there is only one parallel 
passing through it is now replaced by two statements: one parallel, and no parallel. Let L be 
an s-line passes through C and is parallel in the Euclidean sense to AB. Notice that through 
any s-point not lying on AB there is one s-line parallel to L and through any other s-point 
lying on AB there is no s-lines parallel to L such as those shown in Fig.1(a). 

(it) The axiom that through any two distinct points there exist one line passing through 
them is now replaced by; one s-line, and no s-line. Notice that through any two distinct s- 
points D, F collinear with one of A,B and C, there is one s-line passing through them and 
through any two distinct s-points FG lying on AB or non-collinear with one of A, B and C, 
there is no s-line passing through them such as those shown in Fig.1(b). 


Fig.1 


Definition 1.4 A combinatorial system GG is a union of mathematical systems (1; R1),(%2; Ra), 
+++, (mj Rm) for an integer m, i.e., 


with an underlying connected graph structure G, where 
V(G) a {d1, de, avd ayy 


E(G) = { (54,45) | ED; 40,1 <i,7 < m}. 
§2. Vertex-Edge Labeled Graphs with Applications 


2.1 Application to Principal Fiber Bundles 


Definition 2.1 A labeling on a graph G = (V, E) is a mapping 0, : VUE — L for a label set 
L, denoted by G". 
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If6,:E—-0 or 6, :V — 90, then G” is called a vertex labeled graph or an edge labeled 
graph, denoted by GY or G®, respectively. Otherwise, it is called a vertex-edge labeled graph. 


Example: 
2 1 
2 9 3 
aN aN 
3 2 4 3 1 4 
Fig.2 
Definition 2.2([4]) For a given integer sequence 0 < ni < no < +++ < Mm, m> 1, a 


combinatorial manifold M is a Hausdorff space such that for any point p € M, there is 


a local chart (Up, pp) of p, i.e., an open neighborhood U, of p in M and a homoeomor- 


phism ~p : Up > R(ni(p),n2(p),-*- ,Ns(p)(p)), @ combinatorial fan-space with {n1(p),n2(p), 
,Ns(p) (Pp) } € {mi,M2,°++, Mm}, and U {ni(p),n2(p), Oe ,Ns(p) (P) } = {ni,M2,°°+, Nm}, de- 
_ ar pEeM 
noted by M(n1,n2, +++ ,M%m) or M on the context and 


A= {(Up, Yp) |p € M(ni, ne, ad ,Mm))} 
an atlas on M(m, NQ,°*+ ,Mm). 


A combinatorial manifold M is finite if it is just combined by finite manifolds with an 
underlying combinatorial structure G without one manifold contained in the union of others. 
Certainly, a finitely combinatorial manifold is indeed a combinatorial manifold. Examples of 
combinatorial manifolds can be seen in Fig.3. 


Fig.3 


Let M(m, N2,°*+ ,Mm) be a finitely combinatorial manifold and d,d > 1 an integer. We 
construct a vertex-edge labeled graph G4[M(n1, n2,--- ,m)] by 


V(G4[M(m,n2,-++ ,Mm)]) =v, 


where Vi = {n;— manifolds M” in M(ni, +++ Mm)|1 <i < m} and V2 = {isolated intersection 
points Ojgni yrs OfM™, M™ in M(mi,no,°°- ,Mm) for 1 < i,7 < m}. Label n; for each 
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n,-manifold in V; and 0 for each vertex in V2 and 
E(G"{M(m,n2,+++ ,%m)]) = EJ Be, 


where Ey = {(M", M"5) labeled with dim(M”™ (} M5) | dim(M™ (]M") > d,1< 1,7 < m} 
and Ey = {(Oyni am, M™), (Omri rs, M™) labeled with 0|M™ tangent M”™ at the point 
Omri mri for 1 & 4,9 < m}. 


Now denote by H(n1,2,°-- , Mm) all finitely combinatorial manifolds M(ni, 2, +++ Mm) 
and G[0, mm] all vertex-edge labeled graphs G” with 6, : V(G") U E(G*) — {0,1,--+,mm} 
with conditions following hold. 


(1)Each induced subgraph by vertices labeled with 1 in G is a union of complete graphs 
and vertices labeled with 0 can only be adjacent to vertices labeled with 1. 


(2)For each edge e = (u,v) € E(G), To(e) < min{7(u), 7 (v)}. 


Then we know a relation between sets H(n1,n2,-°-+ ,%m) and G([0, Mm], [0, %m]) following. 


Theorem 2.1({1]) Let 1 < ni < ng < +--+ < mm,m > 1 be a given integer sequence. Then 
every finitely combinatorial manifold Me H(i, 22,°++ ,m) defines a vertex-edge labeled graph 
G(([0,%m]) € G[0, nm]. Conversely, every vertex-edge labeled graph G([0,m]) € G[0, Nm] defines 
a finitely combinatorial manifold M € H(n1,n2,+++ ,Nm) with a1—1 mapping 6: G([0,nm]) > 
M such that 0(u) is a 0(u)-manifold in M, 7(u) = dim@(u) and 72(v,w) = dim(6(v) () O(w)) 
for Vu € V(G([0, mm])) and V(v, w) € E(G([0, mm])). 


Definition 2.3([4]) A principal fiber bundle consists of a manifold P action by a Lie group Y, 
which is a manifold with group operation GY x ¥ — G given by (g,h) > goh being C@ mapping, 
a projection 7: P > M, a base pseudo-manifold M, denoted by (P,M,Y), seeing Fig.4 (where 
V =n !(U)) such that conditions (1), (2) and (3) following hold. 


(1) there is a right freely action of Y on P,, t.e., forVg € GY, there is a diffeomorphism 
R,: P— P with R,(p) = pg for Vp € P such that p(gig2) = (pgi)g2 for Vp € P, V1, 92 © G 
and pe = p for some pe P, e€ F if and only if e is the identity element of GY. 


(2) the map 7: P — M is onto with r—'(x(p)) = {pglg € G}. 


(3) for Vx € M there is an open set U with « € U and a diffeomorphism Ty : m~'(U) > 
U x & of the form Ty(p) = (r(p), su(p)), where su : t1(U) > Y has the property su(pg) = 
su(p)g forVg € 9p en *(U). 
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>1®@ @---@] ™% vv 


Fig.4 


Question For a family of k principal fiber bundles P;(M,,4@,), P2(M2,%),---, Pe(Mr, Ge) 
over manifolds M,, Mz, ---, Mx, how can we construct principal fiber bundles on a smoothly 


combinatorial manifold consisting of My, Mz,--- , Mx underlying a connected graph G? 
The answer is YES. The technique is by voltage assignment on labeled graphs defined as follows. 
Definition 2.4((4]) A voltage labeled graph on a vertex-edge labeled graph G” is a 2-tuple 
(G4; a) with a voltage assignments a: E(G’) + T such that 
a(u,v) =a t(v,u), V(u,v) € E(G*), 

with its labeled lifting G’« defined by 

V(G4-) =V(GY) xT, (u,g) € V(G*) xT abbreviated to ug; 

E(G£) ={ (ug, vgon) | for V(u,v) € E(G”) with a(u,v) =h } 
with labels O; : G’= — L following: 

Ox(u,) =Or(u), and Oz(ug, Vgon) = Or (u, v) 


for u,v € V(G*), (u,v) € E(G*) with a(u,v) =h and g,heY. 

For a voltage labeled graph (G”, a) with its lifting G4, a natural projection r : G’= > G" 
is defined by m(ug) = u and 1(ug, Ugon) = (u,v) for Vu,v € V(G*) and (u,v) € E(G”) with 
a(u,v) =h. Whence, (G7, 7) is a covering space of the labeled graph G“. A voltage labeled 
graph with its labeled lifting are shown in Fig.4.4, in where, GY = Cf and T = Zp. 


3 
3 
2 1 
4 
4 5 4 5) 
(G*, a) Gla 
Fig.5 


Now we show how to construct principal fiber bundles over a combinatorial manifold M. 
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Construction 2.1 For a family of principal fiber bundles over manifolds M1, Mo,--- , Mi, 
such as those shown in Fig.6, 


Ge Ra ha HE 
{ { { 
Tu Thu oe [fa 
Fig.6 


where Az, is a Lie group acting on Py, for1<i<l satisfying conditions PFB1-PFB3, let M 


be a differentiably combinatorial manifold consisting of M;, 1<i< 1 and (G*[M],qa) a voltage 


graph with a voltage assignment a : GY [1] — 6 over a finite group 6, which naturally induced 
a projection x : G-[P] + GE[M]. For VM € V(G¥[M)), if (Pu) = M, place Py on each 


lifting verter M*« in the fiber n~!(M) of G’<[M], such as those shown in Fig.7. 


m*(M) 


| 
@ 


Fig.7 
Let Il = lyn! for VM € V(G2[M]). Then P = U Py is a smoothly combinato- 
MeV (G¥[M]) 
rial manifold and Yg = U Hy a Lie multi-group by definition. Such a constructed 


Me€V(GE[M]) 
combinatorial fiber bundle is denoted by P’«(M, Za). 


For example, let 6 = Z) and G” [M] = C3. A voltage assignment a: G’ [M] — Zz and its 
induced combinatorial fiber bundle are shown in Fig.8. 


Fig.8 
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Then we know the existence result following. 
Theorem 2.2([4]) A combinatorial fiber bundle P“(M, Za) is a principal fiber bundle if and 


only if forV(M’', M") E E(G"[M}) and (Pu, Pur) = (M', M")bo E E(G"|P)), Ty | Py Pay = 


Wy | Py Pay 
2.2  Smarandachely k-constrained labeling of a graph 


In references [5]-[6], the Smarandachely k-constrained labeling on some graph families are dis- 


cussed. 


Definition 2.5 A Smarandachely k-constrained labeling of a graph G(V, E) is a bijective map- 
ping f: VUE = {1,2,..,|V| + |E|} with the additional conditions that |f(u) — f(v)| > & 
whenever uv € E, |f(u) — f(uv)| > & and |f(uv) — f(uw)| > k whenever u #4 w, for an integer 
k > 2. A graph G which admits a such labeling is called a Smarandachely k-constrained total 
graph, abbreviated ask — CTG. 


An example for k = 5: 


6 (4)_12 (7) 2 42) 8 (9)14 ()_4 (Gr_10 
O07 O77 84 @4 O07 © © 


Fig.9: A 5-constrained labeling of a path P,. 


Definition 2.6 The minimum positive integer n such that the graph GUK,, is ak —CTG is 
called k-constrained number of the graph G and denoted by t,(G), the corresponding labeling is 


called a minimum k-constrained total labeling of G. 
Problem 2.1 Determine t,(G) for Vk € Zt and a graph G. 
>>Update Results for Problem 2.1 obtained in [5]-[6]: 


Case l. k=1 


In fact, t1(G) = 0 for any graph G since any bijective mapping f : VUE = {1,2,..,|V| + 
|E|} satisfies that | f(w)—f(v)| > 1 whenever wv € E, |f(u)—f(uv)| > land |f(uv)—f(vw)| > 1 


whenever u 4 w. 


Case 2. k=2 


O if n=2, 
(1) to(Pa)=< 1 if n=3, 
0 else. 


Proof Let V(P,) = {v1,v2,.-;Un} and E(P,) = {vivi4i1]1 <i <n— 1}. Consider a total 
labeling f : VUE — {1,2,3,...,2n—1} defined as f(v1) = 2n—3; f(v2) = 2n—1; f(vive) = 2; 
f(vev3) = 4; and f(vp) = 2k — 5, f(vrveg1) = 2k, for all k > 3. This function f serves as a 
Smarandachely 2-constrained labeling for P,,, for n > 4. Further, the cases n = 2 and n = 3 
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are easy to prove. 


Fig.10 


Proof If n > 4, then the result follows immediately by joining end vertices of P, by an 
edge vjUp, , and, extending the total labeling f of the path as in the proof of the Theorem 2.4 
above to include f(vjv2) = 2n. 

Consider the case n = 3. If the integers a and a+ 1 are used as labels, then one of them 
is assigned for a vertex and other is to the edge not incident with that vertex. But then, a+ 2 
can not be used to label the vertex or an edge in C3. Therefore, for each three consecutive 
integers we should leave at least one integer to label C3. Hence the span of any Smarandachely 
2-constrained labeling of C3 should be at least 8. So t2(C3) > 2. Now from the Figure 3 it is 
clear that to(C3) < 2. Thus t2(C3) = 2. 


(3) to(Kn) =Oifn>4. 


2 if n=1 and m=1, 
(6) to(Kmn)={ 1 if n=1 and m>2, 


0 else. 
Case 3. k>3 


3k—6, i = 3, 
(1) te(Kan)= ca if kn > 3. 
n(k — 2), otherwise. 


Proof For any Smarandachely k-constrained labeling f of a star Ky,,, the span of f, after 
labeling an edge by the least positive integer a is at least a+nk. Further, the span is minimum 
only if a = 1. Thus, as there are only n+ 1 vertices and n edges, for any minimum total 
labeling we require at least 1+ nk — (2n +1) = n(k — 2) isolated vertices if n > 4 and at least 
1+nk-—2n =n(k—2)+1 ifn =3. In fact, for the case n = 3, as the central vertex is incident 
with each edge and edges are mutually adjacent, by a minimum k-constrained total labeling, 
the edges as well the central vertex can be labeled only by the set {1,1 + &,1+ 2k,1+ 3k}. 


116 Linfan Mao 


Suppose the label 1 is assigned for the central vertex, then to label the end vertex adjacent to 
edge labeled 1 + 2k is at least (1 + 3k) + 1 (since it is adjacent to 1, it can not be less than 
1+). Thus at most two vertices can only be labeled by the integers between 1 and 1 + 3k. 
Similar argument holds for the other cases also. 

Therefore, t(Ay») > n(k — 2) for n > 4 and t(K1,,) > n(k — 2) +1 for n =3. 

To prove the reverse inequality, we define a k-constrained total labeling for all k > 3, as 
follows: 


(1) When n = 3, the labeling is shown in the Fig.11 below 


@@--- 60 


S 8 @ 


Fig.11 
(2) When n > 4, define a total labeling f as f(vovj) = 1+ (y — 1k for all 7, 1 <j <n. 
f(vo) =1+nk, f(v1) =24+ (n—2)k, f(v2) =34+ (n — 2)k,and for 3 <i < (n—1), 
f(vi) + 2, if f(vi) = O(mod k), 


f(vit= 
f(u;) +1, otherwise. 


and the rest all unassigned integers between 1 and 1+ nk to the n(k — 2) isolated vertices, 
where vo is the central vertex and v1, v2, U3,...,Un are the end vertices. 

The function so defined is a Smarandachely k-constrained labeling of Ky, U Kne-2); for 
alln > 4. 


(2) Let P, be a path on n vertices and ko = |74=+)|. Then 


0 if k<ko, 
te(Pn)={ 2(k—ko)-—1 if k>ko and 2n=0(mod 3), 
2(k—ko) if k>ko and 2n=1 or 2(mod 3). 


(3) Let Cy, be a cycle on n vertices and ko = |=4=+|. Then 


0 if k<ko, 
th(Cn) = 4 2(k—ko) if k>ko and 2n=0 (mod 3), 
3(k —ko) tf k>ko and 2n=1 or 2(mod 3). 
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2.3 Smarandachely Super m-Mean Graph 


The conception of Smarandachely edge m-labeling on a graph was introduced in [7]. 


Definition 2.7 Let G be a graph and f : V(G) > {1,2,3,--- ,|V|+|E(G)|} be an injection. 
For each edge e = uv and an integer m > 2, the induced Smarandachely edge m-labeling f& is 
defined by 


m 


fale) = OAL), 


Then f is called a Smarandachely super m-mean labeling if f(V(G)) U {f*(e) : e € E(G)} = 
{1,2,3,---,|V| + |E(G)|}. A graph that admits a Smarandachely super mean m-labeling is 
called Smarandachely super m-mean graph. 


Particularly, if m = 2, we know that 


ce fet f@) if f(u) + f(v) is even; 
e = 
fu) flor) if f(u) + f(v) is odd. 


4 6 12 


Fig.12 


Problem 2.2. Find integers m and graphs G such that G is a Smarandachely super m-mean 
graph. 


>Update Results for Problem 2.2 Obtained in [7]: 


Now all results is on the case of Smarandache super 2-mean graphs. 


(1) A H-graph of a path P,, is the graph obtained from two copies of P,, with vertices 
U1, V2,---,Un and uy,U2,...,Un by joining the vertices Ungt and Untt if n is odd and the 
vertices v2 +1 and ux if n is even. Then 


A H-graph G is a Smarandache super 2-mean graph. 


(2) The corona of a graph G on p vertices v1, v2,..., Up is the graph obtained from G by 
adding p new vertices u1,U2,...,Up and the new edges u,v; for 1 <7 < p, denoted by G© Kj. 


If a H-graph G is a Smarandache super 2-mean graph, then G © Kk, is a Smarandache 


super 2-mean graph. 
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(3) For a graph G, the 2-corona of G is the graph obtained from G by identifying the center 
vertex of the star Sj at each vertex of G, denoted by G© S$». 


If a H-graph G is a Smarandache super 2-mean graph, then G© S2 is a Smarandache super 
2-mean graph. 


(4) Cycle Co, is a Smarandache super 2-mean graph for n > 3. 
(5) Corona of a cycle C, is a Smarandache super 2-mean graph for n > 3. 


(6) A cyclic snake mC,, is the graph obtained from m copies of C,, by identifying the vertex 
in the (j + 1)” copy if n = 2k + 1 and identifying the 
in the (j + 1)" copy if n = 2k. 


U(k-+2), in the j*” copy at a vertex v1,,, 


vertex U(%41), in the jt? copy at a vertex Visa 


The graph mC,,-snake,m >1,n>3 andn #4 has a Smarandache super 2-mean labeling. 


(7) A P,(G) is a graph obtained from G by identifying an end vertex of P,, at a vertex of 
G. 


If G is a Smarandache super 2-mean graph then P,(G) is also a Smarandache super 2-mean 
graph. 


(8) Cm X Py forn > 1,m = 3,5 are Smarandache super 2-mean graphs. 


Problem 2.3 For what values of m (except 3,5) the graph Cy, x P, is a Smarandache super 
2-mean graph? 


2.4 Smarandachely Uniform k-Graphs 


The conception of Smarandachely Uniform k-Graph was introduced in the reference [8]. 


Definition 2.7 For an non-empty subset M of vertices in a graph G = (V,E), each vertex u 
in G is associated with the set f°;(u) = {d(u,v) : ve M, uF vt}, called its open M-distance- 
pattern. 

A graph G is called a Smarandachely uniform k-graph if there exist subsets M,, Mo,--- , My 
for an integer k 2 1 such that fyy,(u) = fry,(u) and fyy,(u) = ffr,(v) for 1 < i,j < k and 
Vu,vu € V(G). Such subsets My, Mo,---,Mx are called a k-family of open distance-pattern 
uniform (odpu-) set of G and the minimum cardinality of odpu-sets in G, if they exist, is called 
the Smarandachely odpu-number of G, denoted by od? (G). 


Usually, a Smarandachely uniform 1-graph G is called an open distance-pattern uniform 
(odpu-) graph. In this case, its odpu-number od? (G) of G is abbreviated to od(G). 


Problem 2.4 Determine which graph G is Smarandachely uniform k-graph for an integer 
k>1. 


>Update Results for Problem 2.4 Obtained in [8]: 


(1) A connected graph G is an odpu-graph if and only if the center Z(G) of G is an odpu-set. 
(2) Every self-centered graph is an odpu-graph. 
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(3) A tree T has an odpu-set M if and only if T is isomorphic to Py. 
(4) If G is a unicyclic odpu-graph, then G is isomorphic to a cycle. 
(5) A block graph G is an odpu-graph if and only if G is complete. 


(6) A graph with radius 1 and diameter 2 is an odpu-graph if and only if there exists a 
subset M C V(G) with |M| > 2 such that the induced subgraph (M) is complete, (V — M) is 


not complete and any verter in V — M is adjacent to all the vertices of M. 


Problem 2.5 Determine the Smarandachely odpu-number od? (G) of G for an integer k > 1. 


>>Update Results for Problem 2.5 obtained in [8]: 

(1) For every positive integer k £1,3, there exists a graph G with odpu-number k. 
2) If a graph G has odpu-number 4, then r(G) = 2. 
3 


) 
(2) 
(3) The number 5 cannot be the odpu-number of a bipartite graph. 

(4) Let G be a bipartite odpu-graph. Then od(G) = 2 if and only if G is isomorphic to Pp. 
(5) 

(6) 


5) 0 d(Co~41) = = 2k. 
6) od(K,,) = 2 for alln > 2 


2.5 Smarandachely Total Coloring of a graph 


The conception of Smarandachely total k-coloring of a graph following is introduced by Zhongfu 
Zhang et al. in [9]. 


Definition 2.8 Let f be a total k—coloring on G. Its total-color neighbor of a vertex u of 
G is denoted by Cy(x) = {f(x)|x € Tnw(u)}. For any adjacent vertices x and y of V(G), if 
Cy(a) A Cy(y), say f ak AVSDT-coloring of G (the abbreviation of adjacent-vertex-strongly- 
distinguishing total coloring of G). 

The AVSDT-coloring number of G, denoted by Xast(G) is the minimal number of colors 
required for an AVSDT-coloring of G 


Definition 2.9 A Smarandachely total k-coloring of a graph G is an AVSDT-coloring with 
|Cp(2)\Cf(y)| 2k and |Cp(y)\Cf(a)| 2 k. 
The minimum Smarandachely total k-coloring number of a graph G is denoted by x*,,(G). 


Obviously, Xase(@) = x2,,(G) and 
<< NXEEMG) < whe(G@) < xXbG(G@) <-++ < xhoe(@ 
by definition. 


Problem 2.6 Determine y*,,(G) for a graph G. 


>>Update Results for Problem 2.6 obtained in [9]: 


Xast(Sm + Wr) =m+nt3 if min{m,n} > 5. 
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It should be noted that the number x*,,(G) of graph families following are determined for 
integers k > 1 by Zhongfu Zhang et al. in references [10]-[15]. 


1) 3-regular Halin graphs; 
2) 2P,, 2Cy,, 241, and double fan graphs for integers n > 1; 
3 


4 
5) Generalized Petersen G(n, k); 


Pm + P, for integers m,n > 1; 


(1) 
(2) 
(3) 
(4) Pm V Pp for integers m,n > 1; 
(5) 
(6) 


6) k-cube graphs. 


§3. Covering and Decomposing of a Graph 


Definition 3.1 Let FY be a graphical property. A Smarandache graphoidal Y (k,d)-cover of 
a graph G is a partition of edges of G into subgraphs G,,G2,--- ,G, © F such that E(G;) NM 
E(G;) < k and A(G;) < d for integers 1 <i,j <1. 

The minimum cardinality of Smarandache graphoidal Y (k,d)-cover of a graph G is de- 
noted by Te" (G). 


Problem 3.1 determine eG) for a graph G. 


3.1 Smarandache path k-cover of a graph 


The Smarandache path k-cover of a graph was discussed by S. Arumugam and I.Sahul Hamid 
in [16]. 


Definition 3.2. A Smarandache path k-cover of a graph G is a Smarandache graphoidal P 
(k, A(G) )-cover of G with A=path for an integer k > 1. 

A Smarandache path 1-cover of G such that its every edge is in exactly one path in it is 
called a simple path cover. 

The minimum cardinality of simple path covers of G is called the simple path covering 
number of G and is denoted by IG), 


If do not consider the condition E(G;)NE(G;) < 1, then a simple path cover is called path 
cover of G, its minimum number of path cover is denoted by 7(G) in reference. For examples, 


T5(Kn) = [#] and 7,(T) = §, where k is the number of odd degree in tree T. 


Problem 3.2 determine m1? (a) for a graph G. 


>>Update Results for Problem 3.2 Obtained in [10]: 


(1) eae) =1(T) = 4, where k is the number of vertices of odd degree in T. 


(2) Let G be a unicyclic graph with cycle C. Let m denote the number of vertices of degree 
greater than 2 on C. Let k be the number of vertices of odd degree. Then 
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3 ifm= 
a . 
542 ifm= 
149) (@) = 7 
DP 
+1  ifm=2 
£ ifm>3 


(3) For a wheel W,, = Ky +Ch_1, we have 


nSiW,) = 


Proof Let V(W,,) = {vo, U1,---,Un—-1} and E(W,,) = {uopu,: 1 <i<n—-1}U {ojuj41:1< 
i<n—2}U {uv,_-1}. 

If n = 4, then W, = Ky and hence 19:4 (W,,)(Wn) = 6. 

Now, suppose n > 5. Let r= | 3 

If n is odd, let 


P; — (U;, Vo; Ur+i), — Le 2c any 
Pri = (U1, 02,---5Ur); 
Proa = (U1, Var, V2r—1, ans , Ur+2) and 


Pr43 = (Ur, Ur41, Urt2): 

If n is even, let 

P; = (vi, V0, Ur-14i), = 1,2,...,r—1. 
P, = (vo, var-1), 


Prat _ (v1, V2, wks emis 


Ppa = (04; Vapaiy sss Uppi) and 


Pr43 = (Vp Diry Vr)» 
Then ng (Wa) = {P\, P2,..., P13} is a simple path cover of W,,. Hence 7.(W,,) < 
p38. | 4 +3. Further, for any simple path cover w of W, at least three vertices on 
C = (v1,0V2,..-,Un—1) are terminal vertices of paths in 7%. Hence t < q — s — 3, so that 
GO (w,) =q-t > £4+3=[8)4+3. Thus 13° (w,,) = [8] +3. 


A. Nagarajan, V. Maheswari and S. Navaneethakrishnan discussed Smarandache path 1- 


cover in [17]. 


Definition 3.3. A Smarandache path 1-cover of G such that its every edge is in exactly two 


path in it is called a path double cover. 


Define G x H with vertex set V(G) x V(#) in which (g1, hi) is joined to (go, h2) whenever 
gige € E(G) or gi = g2 and hy hz € E(H); Go H, the weak product of graphs G, H with vertex 
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set V(G) x V(#) in which two vertices (g1,h1) and (gz, h2) are adjacent whenever gi go € E(G) 
and hyhy € E(#) and 


42(G) = min { || : w is a path double cover of G }. 


(4) Let m > 3. 
3 if m is odd; 
Y2 (Cin ° Ko) =: 
6 if m is even. 
(5) Let m,n > 3. y2(Cmo Ch) =5 if at least one of the numbers m and n is odd. 
(6) Let m,n > 3. 


4 if n =1 or 3(mod 4) 


92(Pim © Ch) = 
8 if n =0 or 2(mod 4) 


2(Cm * Ko) = 6 ifm > 3 ts odd. 
72(Pmn * Ko) =4 form > 3. 
92(Pm * Ko) =5 form > 3. 

2 


) 72(Cm x P3) =5 ifm > 3 is odd. 
11) 72(Pm 0° Ke) = 4 form > 2. 
12) y2(Kin.n) = max{m, n}. 
13) 


3. if m=2 or n=2; 
4 if m,n> 2. 


92(Pm x P,) = 


(14) ya(Cm X Cr) =5 ifm > 3, n> 3 and at least one of the numbers m and n is odd. 
(15) y2(Cm x Ko) =4 form > 3. 


3.2 Smarandache graphoidal tree d-cover of a graph 


S.Somasundaram, A.Nagarajan and G.Mahadevan discussed Smarandache graphoidal tree d- 
cover of a graph in references [18]-[19]. 


Definition 3.4 A Smarandache graphoidal tree d-cover of a graph G is a Smarandache graphoidal 
P (\G\,d)-cover of G with A=tree for an integer d > 1. 

The minimum cardinality of Smarandache graphoidal tree d-cover of G is denoted by 
ya) - T1314 (GQ). If d= A(G), then a (G) is abbreviated to yr(G). 


Problem 3.3 determine yr(G) for a graph G, particularly, yr(G). 


>>Update Results for Problem 3.3 Obtained in [12-13]: 


Case 1: yr(G) 


(1) yr(Kp) = [$15 
(2) yr(Km,n) = [Ee] iofm<n<2@am-s3. 
(3) yr(Kmn) =m if n >2mn—-3 
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(4) yr(Pm X Pn) = 2 for integers m,n > 2. 
(5) yr(Ph X Cm) = 2 for integers m > 3, n> 2. 
(6) yr(Cm X Cn) = 3 if m,n > 3. 


Case 2: y(@) 


p(p—2d+1) ifd< Pp 


9 (Kp) = 12) if d> 2 
ifp>4 
(2) 1° (Kin) =p +q— pd = mn-—(m+n)(d—1) if n,m > 2d. 
(3) 9? (Koa-iga-1) =pt+q—pd=2d—-1. 
(4) Ae (Ia) = [2] ford > [#] andn>3. 
(5) 9? (Cm x Cy) = 3 ford>4 and 9? (Cm x Cr) =q-—p. 
§5. Furthermore 


In fact, Smarandache’s notion can be used to generalize more and more conceptions and 


problems in classical graph theory. Some of them will appeared in my books Automorphism 


Groups of Maps, Surfaces and Smarandache’s Geometries (Second edition), Smarandache Multi- 


Space Theory (Second edition) published in forthcoming, or my monograph Graph Theory — A 


Smarandachely Type will be appeared in 2012. 
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